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DEFINITIONS. 

;. TTJLANE Trigonometry is ihe art whereby, 
J"^ having given any chree parts of a plane 
triangle, (except the three angles) the reft 
arc determined. In order to which, it is not only 
rcquifite that the peripheries of circles, but alfo 
certain right-lines in, and about, the circle, be 
fuppofed divided into fome afligned number of 
equal parts. 

2. The periphery of every circle is fuppofed to 
be divided into 360 equal parts, called degrees; 
»nd each degree into 60 equal parts, called mi- 
nutes; and each minute into 60 equal parts, called 
feconds, or fecond minutes, &c. ' 

B a 3, Any 



Plane trigonometry. 
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3. Any part AB 
of the periphery of 
the circle is called 
/^ an archj and is laid 
to be th^ meafure of 
the angle , ACB at 
die center* which it 
fubtends. 



Note, The dep'ees^ minutes, feconds^ ^c. con^ 
tained in any arch, or angles are wrote in this manner, 
50'' iS'^ 35^^^, which Jignijies that the given arch,, or 
angle, contains 50 degrees, 18 minutes, and 357^- 
conds. 

' 4. The difference of any arch from 90* (or a 

Suadrant) is called its connplement; and its dif- 
irence from i8o* (or a femicircle) its fupple- 
ment- ' , 

5. A chdrd, or fubtenfet is a right-line drawn 
frpm one extremity of an arch to the other: thu^ 
the right line BE is the chord, or fubtenfc, of the 
arch BAE or BDE- 

6. The fine, or right-fine, of an arch, is a 
right line drawn from one extremity of the arch, 
perpendicular to the diameter palling through the 
other extremity. Thus BF is the fine of the arch 
AB or DB. 

7. The verfed fine of an arch is the part of the 
diameter intercepted between the fine ^nd the pe- 
riphery. Thus AF is the verfed fine of AB % and 
DFofDB. 

8. The 
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Plane Trigonometry. % 

8. The co-fine of an arch is the part,^f the 
diameter intercepted between the center and fine; 
and is equal to the fine of the complement of 
that arch. Thus CF is the co-fine of the arch 
AB, and is equal to BI, the fine of its comple- 
ment HB. 

9, The tangent of an arch is a right line 
touching the circle in one extren^ity of that arch, 
produced from thence till it meets a right- line 
paffing through the center and the other extre- 
mity. Thus AG is the tangent of the arch AB. 

10* The fecant of an arch is a right-line 
reaching^ without the circle, from the center to 
the extremity of the tangent. Thus CG is the 
fecant of AB, 

1 1. The co-tangent, and co-fecant, ' oT an arch 
are the tangent, and fecawt, of the complement 
of that arch. Thus HtC and CK are the co- 
tangent a^d coff^cant of AB, 

t2. A trigonometrical canon is a table exhi- 
bidng the length of the fine, jtangent, and fe- 
cant, to every degree and minute of the qua- 
drant, with relpeft to the radius; which is fup- 
pofed unity, and conceived to be divided into 
aoooo, or more, decimal parts. By the help of 
this table, and the dodrinc of fimilar triangleis, 
the whole bufinefs of trigonometry is performed 5 
which I Ihall now proceed, to Ihew. But, firft of 
all, it will be proper to obfcrve, that the fine of 
any arch hb greater thsm 90^ is equal to the fine 
of another arch AB as ixiuchbdow 90*; and that, 
its co-fine (^ tangent Ag", and fecant C^, are alio 
refpedively equal to the co-fine, tangent, and fe- 
cant of its fupplcment AB ; but only are negative, 
or fall on contrary fides of the points C and A, 
fi'om whence they have their origin. AH which is 
manifefl from the definitions. 

B 3 Thio- 
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Theorem I. 

, In any right-angled flarw triangle ABC, it will be 
as the ^ypotheniife is to the perpendicular ^ Jo is th^ 
radius (of the table) to the fine of the angle at thQ 
hafe. 

G For, let AE or AF 
' be tltl? r^i-MS itp. which 
the table of fines, &"c. 
is adapted, and E D 
the fine of the angle 
A or arch EF X^i^- 

^ Def'3..and6j); then, 

B D r becanfe of* the fimir 
• lar triangles ACB and 

AED, it will be AC : BC : : AE : ED (by 14- 4-) 
^ E.D. 

Thus, if AC rz ,75, and BC = ,45 ; ^hen it 
will be, ,75': ,45 : : i (radius) : the. fine of 
A zz 6; which, in the table, anfwers to 36" ^t\ 
the meafure, or value of A, 

Theorem IL 

Jn any right-angled plane triangle ABC, it will be^ 
as the bafe AB is to the perpendicular BC, fo is the 
radius (of. the table) to the tangent of the angle at 
the bafe. ' 

For, let AE or AF be the radius of the table, 
or canon (fee the preceding figure)^ and FG the 
tangent of the angle A, or arch EF (Vid. Def 3. 
and g.) ; then, by reafon of the fimilarity of the 
triangles AB<;:, AFG, it will be, AP : BC ,: : 
AF:FG. ^H.D. 

Note, In the quotations luherf you mtet wuith tiuo numh^rs,{as 
14. 4 ) fwithbut any mention of Prop Theor, i^c Preference is maae 
to the Elements of Geometry publifited by the fame author ; to 
Sijhicb this littk trad is defigned as an Appendix. 

* . Thus 
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Plane Trigonomefry. y 

Thus let AB = ,8,^nd BC =: ,5 j then we Ihall 
have ,8 : ,5 : : i Vradius) : tangent A = ,625; 
whence A itfelf is found, hf the canon» to be 

Theorem III. 

In every plane, triangle ARC, it will he, a^ any one 
fide is to the fine of itsoppofite angle ^ Jo is any other 
fide to the fine of its oppofite angle. 

For take CF == 
AB, and upon AC 
let fall the perpen- 
diculars BD and Fp; 
which will be the 
fines of the angles 
A and C to the equal 
radii AB and CF,A 3^ E C. 

Now the triangles - , . 

CBD,, CFE being Cmilar, we have CB : BD 
(fin. A) : : CF (AB) : FE (fin: C), ^ E. D. 

Theorem IV. 

^Js the* bafe of any plane triangle ABC> is to the 
fum of. the two fides ^ fo is the difference of the fide\ 
to twice the diftance DE of the perpendicular from 
the middle of the bafe. , • , ^ 
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For (^ Cor. to^.i.) 



AB + BC X AB— BC 
=: AC X !jiDE ; 
whence AC : AB -f 
BC -. : AB — BC : 
2DE {by 10. 4.) ^. 
E.D. 
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t 

rn am ptMf trinngtey H w0 hiy^as the Jum of any 
two fides is to tUir difference, Jo is the tangent of 
half the Jum of the two opfofite angks, to the taft- 
gent ofhgff their difference. 



For, let ABG be 
the triangle, and 
AB and AC the 
two propoftd fides n 

, and from the cen- 
ter A, with the ra-. 
dius AB, kt a cir- 
cle be defcribcd, in • 

^terfefting CA pro- 
duced, in D and F; 
fo that CF may ex- 
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prefs the fum, and CD the difference, of the fides 
AC and AB : join F, B and B, D, and draw DE 
paraHei to FB, meeting BC in E. 

Then, bccaufc aADB =: ADB + ABD (ly- 
12. 1.) =: C + ABC {iy 9. 1.) if is plain that; 
ADB is eqi3al to half the {um of the angles op* 
pofite to the fidis prc^ofcd* Moreover, fince 
ABC = ABD (ADB) + DBC, and C ir.ADB-- 
DBC (ly g. I.) it is plain that ABC/— C is = 
aDBC ; or that DBC is equal to half the difference 
of the fame angles. 

Now, bccaufe of the parallel lines BF and ED, 
it wUl be CF : CD : : BF : DE ; but BF and DE> 
becaufe DBF and BDE are right^anglcs {ky 13, 3, 
and 7. I.) will be tangents of the forcfaid angles 
FDB (ADB) and PBE (DBC) to the radius BD. 
^ £. D. 
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•f COROLL AR'Y. 

Hence, in two triangles ABC and A^C, having 
two fides equalj cacti ro each> it will be {by equa- 

^ r. ^ . A*c+Aa . - A^e— Aa 

fttyji U tang. : tang — : : 

ABC+ACB . ^ ABC— ACB '^ ' 
tang. — ^-T : tang. ~- . But, 

' if C A^ be fuppofed a righli-ailglc, then will A^C 4- 
\ AQi alfo=:a. right angle {ky Cor. 3. to 10. i.) and 

the tangent of — = radius. There- 

fore in this cafe our proportion will become, 
Radius \ tang. '^ (izA^C — 45°) : : 

ABC + ACB ^ ABC— ACB ^,.r. , 

tang. 7 5 tang. , . , Which 

% 2 - 

gives the foUdwing Theorem, for finding the. an-^ 
gles oppofite to any two propofed fides i die in- 
^ <^luded angle, and the fides thcmfclves, being 

known. 

, . ' i 

# 

j4s th lejfer of the prop6fe4 fides (Ai or AB) is 

to the greater (AC),'y& is radius to the tangent of an 

I ' angle (A^C, fee Theor* a.) Jnd as radius to the 

. tangent of the exeejs of this angle ahve 45*, fo is 

. i the tangent of half the fum of the required angles to 

tb0 tangent of ba^ their difference*. 



• Tbh Thioremy tb§ugh it requires fvuo prof ort ions ^ is commonly 
nfidly Afironomert in determining the ehngatthn and parsllaxes of 
$he planets {ieing hejt adapted to Ugaritbms) $ for whicb rsafon it 
ft here gi'^tn. 
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Tbejolution of the cafes of right-angled plane triangles. 
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2 

3 

+ 

6 
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Given 

m 


Sought 


Solution. 


The hyp. 
AC and 
the angles 


One leg 
BC 


As radius is to the line of 
A, {o is the hyp. AC to 
the leg BC {by Tbeor. L) 


The hyp, 
AC and 
OnelegBC 


The an- 
gles 


As AC : BC : : radius : 
fin. A (Theor. /.) whofe 
complement is the angle C. 


I he hyp, 
AC and 
one legBC 


The other 
leg AB 


Let the angles be found, 
h Cafe 2. and then the re- 
quired leg AB. by Cafe i. 


The an- 
gles and 
one legBC 


The hyp. 
AC 


As fine A : radius : : the 
leg BC J to the hyp. 
AC {Theor. 7.) 


The an- 
gles and 
one leg 
BC 


The other 
legAB 

V 


As fine *A : BC : : fane C 
: AB {by Theor. Ill) Or, 
as radius : fang. C : : BC 
: AB {by Thecr. 11.) 


The two 
legs AB 
andBC 

« 


I'ne an- 
gles 


As AB ; BC : : radius : 
tang. A {by 'Theorem J I.) 
whole complement is the 
angle C 


The two 
legs ' AB 
andBC 


The hyp. 
AC 


Let the angles .be fouad, 
by Cafe 6. and then the 
hyp.. AC, by Cafe 4. 
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^e folution of the cafes of obli^Ui plane triangles. 



9 

rt 



Gi 



iven 



The angles 

and one fide 

AB' 



Two fides 
AB, BC and 
anang. C op. 
to one of 'em. 



Two iides 
AB, BC and 
an oop. an- 
C 



Sought 



Solution. 



Either of; As fine C : AB : : fine A : 
the other IBC {by Thcor. Ill) 
fides BC 

The otherjAs AB : fin. C : : BC : fin. A 
angles A '{^>'7Ji(3r.///.Jwhichadd/^dto 
and ABC|C,andthefumrubtra*5tedirron 
I SOi^ives theotherangle A BC, 



The other 
fide AC 



Two fules jThe other 



AC, AB and! angles C 
the included and ABC 
angle A 



•Two fij^es 
AC, AB and 
the incl < A, 



The other 
fide BC 



Let the angle ABC be found, 
by the preceding cafe, and 
then it will be, fm. C : AB : : 
fin. ABC: AC {hyTheorJIL) 



As fum of /iB and AC ; tlyir 
dif. : : tang, of half the fum of 
ABC andC : tang, of half their 
diff. (by Theor. /^.) which added 
to, and fubtraSed from, the 
half fum, gives the two ano;!< s. 



All the*thrcc 
fides. 



■ P O f 



An angle, 
fuppofe A 



w% -■ ^ 1 



Let the angles be fouijd by 
the laft cafe, "and then BC, 
by cafe i, * 

Let fall a perp. BD opp, to the 
req. angle : then {lyTheor. IV^. 
as AC : fum of AB and BC : ': 
theirdif idift.DGof theperp. 
from the middle of the bafe i 
whence,ADbeingalfo known, 
the angle A will be found by 
Caft 2. of right-angles. 



Note^ 



■i 



-\ 



Uiii 
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12 C6nfiruBm ff the Table 

Noiey The ad and 3d cafes are ambiguous, or 
adtnit of two different anfwcrs each, when the fide 
AB oppofite the given angle C (Jeefig* %.) is lefs 
than the given fide BC, adjacent to it (except the 
angle found is exadHy a right one): for then 
another right-line B^, equal to BA, may be drawn 
from B to a point in the bafc, fomewhcre betwteri 
C and the perpendicular BD, and therefore the 
angle found by the proporrioti AB (4B) : fin, C. 
; : BC : fin. A (or ^C«B>) may, it is evident, be 
cither the acute angle A, or the obtufe one C/iB 
(which is its fupplement), the fines of both being 
cxaftly the fame. 

Having laid down the method of refolving the 
different cafes of plane triangles, by a table of 
fines and tangents; I ftiall here fiiew the nianner. 
of conftrudting fuch ^, table (as the foundation 
upon which the whole doftrine is grounded) j in 
order to which, it will be requifite to premife the 
following propofitions. 



P R O P S I TI O K I. 



J-^ 



The fine of an arch being given, to find iis co-^ 
fine, V erf ed fine, tangent, co- tangent, fecant^ and 
cO'fecant. 



*. 




Let AE be the proppfed 
arch, EF its. fine, CF its 
co-fine, AF its verfed fine, 
AT its tangent, CT its fe- 
cant, DH its co- tangent,, and 
CH its co-fecant. 

Then {by\%. a.) we have 
CF z: the (quare root of 
CE* — EF*; whence, not 
only the co-fine CF, but 
^io the verfed fine AF» 

will 



// 



< 



i, 



of Sines, Tangenfs, and Secants, 1 3 

will be known. Then becaufei of the fimilar 
triangles CFE, CAT, and CDH, it wUi be (J/ 
14-4.) 

1. CF : FE : ; CA i CT; whence the tangent 
is known. 

2, CF : CE (CA) : : (^ : CTj whence the 
fecant is known. 

3, EF : CF : : CD : DH; whence the co-tan- 
gent is known. 

4. EF : EC (CD) : : CD : CH; whence the 
co-fecant is knowi|. 

Hence it appears, 

1. That the tangent is a fourch proportional to 
the co-fine^ the fine> and radius. 

2. That the fecant is a third-proportional to 

the confine and radius. 

« 

3. That the co-tangent is a fourth proportional 
to thp fine,* co-fine, and radius, / 

4. And that the co*fecaiit is a third proportional 
to the fine and rgdius. 

5. ituppears moreover (bccaufe AT : AC : : CD 
(AC) : DH), that the reftangle of the tangent 
and co-tangent is equal to the fquare of the radius 
{by 10. 4.) : whence it likewife follows, that the 
tangent of half a right angle is equal to the ra- 
dius ; and that the co-tangents of an/ two dif- 
ferent arches (reprcfented by Pand Q^) are to one 
another> inverfely as the tangents of the fame 
arches : for, fince tang. P X co-tang. P = Iqu. 
rad. n tang* Q^X co-tang. Q j therefore will co- 
tang. 



I 

4 



3 4 ■ ConJlruSiion of the "Table 

tang. P : co-tang. Q_! : tang. Q^: rang. Pj oras 
CO- tang. P : tang. Q^: ; co-tang. Q^rtang. P {by 
lo. 4.; 



Prop. IJ. 

If there he three equidtfftrent arches AB, AC, AD, 
it will be, as radius is to the a-fme of their common 
■ difference BC, or CD, fo is the fme CF, of the 
mem, to half the fum of the fines 'R¥.+ \jG, of 
the two extrmes : and^ as radius to the fine of the 
(ommon difference, fo ii the cafiue FO of the mean, 
to half the difference of the fines of the two ex- 
tremes. 




AE. F" 



For ietBD be 

drawn, interleit- 
ing the radius OC 
in m; alfo draw 
mn parallel to CF, 
mt-eting AO in n ; 
and BH and mV, 
'parallel to AO, 



meeting DG in H and v. 

Then, the arches BC and CD being equal to 
each other {by hyfothefs), OC is not only perpen- 
dicular to the chord BD, but alfo btfeds it {by i. 3.) 
and therefore Bff? (or D™) will be the fine of BC 
{or DC), and 0« its co-fine: moreover mn, being 
an arithmetical n-.ean between tlie fines BE, Dp 
o(;the two extremes (becaufe Em = Dw) is there- 
^rf equal to half their fum, and Df equal to 
their difference.- But, becaufe of the fimilar - 
igles OCF, Omn and Vvpti 



will be 



f OC : Cm ; : CF : mn 
l OC : Dw : ; FO : 



D^i -i-- 



E. D. 



dfSifies, .Tangents, and Secants. 15 



wn 



Corollary I. , 

Becaufe of the foregoing proportions, we have 
/DG+BE\ OwxCF r DG>-^B E^ 

V 1 ; — ■ OC *.andD^.;\^ ^ 

'Dm X FO *, ^O^^ ^ ^^ 

-5 and therefore DG+ BE =: — qq| — 

2DnkX FO. 



AC 

-) 



- OC 

and DG^BE= 



OC. 



COROLtARVlI. 

, Hence> if the mean arch -AC be fuppofed that 
of 60** ; then OF being the co-fine of 60**, rr fine 
30*=:f chord of. 60** ~ fOCi it is manifeft that 
DG— ^BE will, in this cafe, be barely zzD»ii; and 
confequently PG — Dm + BE. Frooi whence, 
and the preceding corollary, we have thefe two 
lifeful theorems. v 

i.If. the fine cf tEi mtan^ of three equidifferent 
arches (fupfofing radius unity) be multiplied by twice 
the co-fine of the common differ ente^ and the fine of 
either extreme be Jubtra£ted from the product y the 
remainder will be the fine of the other extreme. 

2. ^hefine of any arch, above 60 degrees^ is equal 
to the fine of another archy as much below 60% Z^- 
getber with the fine of its excefs above 60"*, 



^ 



Notjf, 



OwxCF 
OC 



taken in a geometrical fenfe^ Jt" 



notes a fourth-proportional to OC, Om and CF ; ^hut, arith- 
metically, it fignifies the quantity arifing hy di*iiiding tht pro- 
dua of tht n^afures of Om and C? by that of OC. Under ^ 
Jtand the likt of qthers. 

Prop. 



if 



i6 ConJtruBiott if the *tabte 

PROP. IJI. 

I 

^0 find the Jme of a very fmall or A ; Jufpt^i 

that of iS'^ ■• ^ 

If. is found, in p. 1 8 1 . of the Elements, that the 
length of the chord of y-J^x ^^ ^he fjnDt-periphcry 
is exprefled by ,oo8i8iai (radiu$ being i)Qity)i 
therefore, as the chords of very fmall arches are 
to each other nearly as the arches thcmfclves (vpd. 
/>. 18 1.) we (hall have, as -34^:.34v: : ,oo8i8iai: 
,008726624, the chord of ^4-0 ^^ h^^f ^ degree; / 

whofe halfi or >co43633i2, is therefore the fine of 
1 5', very nearly. 

From whence the fine of any inferiol* ar^h may , 
be found by bare proportion. Thii5, if riic fine of 
\^ be required, it will be, 15^ : 1' : ; ,004363311 : 
,oo€2r9o8'88,"the fine of the arch of one minute, 
nearly. 

. But if you would have the fine of v' more ex- 
' aftly determined (from which the fines of other 
arches may be derived with the fame degret of 
exadlnefs); then let tiie operations, mp^ iSi, be 
continued to 1 1 bifedions, and' a greater number 
of decimals be taken; by which means you will 
get the chord of ^^^ part of the femi«^pciApMry 
to what accuracy you pleale ; then, by proceed- 
ing as above (for finding the fine, of i|0, the fuic 
of I minute will alfo be obtained to a very great 
degree of cxaftnefs. • * ^ 

Prop, IV; 

^0 Jhew the manner of conJiruSUng the trigouome-^ 
irkal canon* 

Firft, find the fine of an arch of ope minute, 

by the preceding Prop, and then it$ co-fine, by 

X Prop, 






^i 



! pf Sines ^ Tangents^ and Secants. 17. 

Prop. I. which let be denoted by C'j then {by 
Theor. X. p. 13.) wc ^^W have 
i aCxfine 1^ — fineo^zzfihe z^. 

aC X fine 2^ — fine I'^zifine 3^ 
aCx fine 3' — fine I'^zz fine 4^ 
2Cxfine4^ — fine 3'' zr fine 5^ 
And thus are the fines of 6^ 7^ 8^ &c. fuc- 
j cefllvely derived from each other. .' 

I The fines of every- degree and minute, up to' 

6o% being thus found; thofe of above 60* will be ^ 
had by addition only (Jrom Tbeor. a,, p. 15.) then, 
the fines being all known, the tangents and fc- 
i cants will likewife beco'nje known, ky Prop, i. 

Note, If the fine of every 5 th minute, only, be 
computed according to the foregoing method, the 
fines of all the intermediate arches' may be had' , 
from thence, by barely taking the proportional parts 
of the differences, and chat fo near as to give the 
firfl fix places true in each number ^ which is fufR- 
ciently exaft for all common purpofes. 

« 

Scholium. 

Although what has been hitherto laid down for 
conftruAing the trigonometrical-canon, is abun- 
dantly fufEcient for that' purpofe, rand is alio very 
cafily demonftrated ; yet, as the firft fine, from 
whence the refl are all derived, muft be Carried on 
' to a great number of places, to render the nume* 
> /rous deduftions from it but tolerably exaft (becaufe 
in every, operation the error is multiplied'), I .fliill 
here fubjoin a different method, which will be found 
to have the advantage, not only in that, but in 
many other refpefts. 

Firft, then, from the co-fine of 1 5% which is 

given (^ ^. 181 of the Elements)'=:i\/2+\/ 3 'j 

=>9659258!26, &c. (nf the fupplement chord of ^ I 

30**) and the fine of 18% which i§=:iv/5 — i = 

C ,3^9<=>i^7> 
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r8, QwftruBm (tf the ^ahk 

»309qi75 &d. (equal to half the fide of a decagoflt'^ 
infcribed in the circle) let the co-fine of 3% the 
difference between 1 8° and i 5% be found » \ from 
which the co-fini of 45'' will be had^ by two bi- 
feftions only: whence die fines of all the arches 
in the progreffion i** 30', 2'' \t^\ J°^> 3^*45^^ 
&€, may be determined {hy Theor. i. p. 15.) and 
that to any afligned degree of exadnefs. 
. The fihe^ of aU the terms of the progreffion 

45^ J*" 3^^ ^'^ '5^ ^^ ^P to 6p% being thps^ 
cjeiiyed,. the next thing is ta find, by help of thefe, 
the fines of .all the ifitermediate arches, to every 
fingle niinute. 

This, if yoy. defire no more than the 4 or 5 firft 

,p!aces.of each (which is exadt enough where no- 

' thing lefs than degrees and minutes is regarded),- 

may be effcfted by barely taking the proportional 

parts of the differences. 

, But if a greater degree of accuracy be infifted 
on, and you weuld have a table carried on to 7 
or 8 places, each nuniber (which is fufficient to 
give the value of an angle to feconds, and even to 
thirds, in mod: cafes) uien the operation may be 
as follows : 

i\ Multiply vtbe fum. of the fines of any two 
adjacent fcrrtis of the progreffion 45^^, i" 30^, 
%? 15^, 3"* oo^ 1* 4S^ &c. (betwixt which you would 
find idl the intermediate fines) by the fradtion 
,€OOOocx>4a3> icHT a firfv produft \ and this, again, 
by 12, for a fecond produd; to which lail, lec-^ 
of the difference of the two propofed fines (or ex- 
tremes) be added, and the fum will be the excefs 
of the firft of the intermediate fines above the leflfer 
^xttemc. 

• Note, The co-fim of the differ eiue of two arches (fuppofiftg 
radius unity), is found iy adding tho prodft^ of their Jtnts to tbnt 
^ their CO 'Jinos\ ai is hereafter dsmoi/frated* 

3 a\ From 



' / * 






of HSiwSf. ^img^nis, and Skamts. i ^ 

&^ From tbfe ct6d% kc the firft produA be 
continually fiibthti^ed^^ chat is, fif^t ^rom the 
exccfs itfelfj i l ie n f r o r n the remainder; then frona 
the laft remaindei^ and fo oft*. 44 tinnies. 

3^ To the kfl«jp>extrcme add the (brementioned 
^tee^ ;: atjld^ to the-^fooH ^dd the firit rem^deri 
to this {nm a<^ the next remaindiN^ and io on 
continually : th«A 4h^ feveral fum& thus ariiing 
'will re^c^iyely cxbibit the fines of all the inter- 
:9iediatearcbeSj^ to every fingle minute, exdufive 
of the laft } which, if the work be right, will 
agree wisk the greater extreme itfc^f, and therefore 
will be of uie in* proving the operation. 

But to iUuftrate the matter more clearly> kc 
it be pcQipoied ta ^nd the finea of ^ the m« 
termediate ai?cfa» between 3* 00' a«d 3* 45' to 
every fingle mkuite, -thole of the extremes being 
giren, from the forgoing nvethod* equal to 
305233595 aad ^06540312 refpeftively. Here, 
the fum of ^ ikies- of the extremes, hieing mul- 
tiplied by ,ooocpo04a3, the fii^ produft will be 
,00000000498^ &Ci or ,0000000050, nearly (which 
is fufficient^ exadi: £dr the prefent purpofe) ; and 
this, again^ mtiltipltcd by %% gives ^ooooooii 
for a 2d produAj which added to ^00029038 15, 
^ part of the diSerencc of the two given ex* 
tremea, will be ,0002964915, the excefs of the 
fine of 3** 0/ above that of 3* 00'. From 
whence, by proceeding according to the ad and 3d 
roles, the fines of all the *other intermediate 
arches are had, by. addition and fubtraftion only. 
See the operation,, 
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,000^90 
,600000 



ConftruSiion of the Table v 

4915 excels ,05*33595 fine 3" o' 
0050. ,0002904915 

4865 I* rem. ,0516264415 fine 3' 1' 
50 2904865 



4815 a' rem. ,0529169280 fine f "^ 
50 2904815 



' < *» 



47^5 3* rem- »053«07409'5 fine ^ /j^* 
50 2^476$ 
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4715 4** rem. ,0534978860 fin<^3*4'' 
50 2904715 

4665 5*^ rem, ,0537883575 fine 3^ 5' 
50 1904665 

46 1 5 6'^ rem. ,05407 8 8 240 fine 3"* 6^ 
' 50 2904615 

4565^ 7*'* rem. ,0543692855 fine 3*7^ 
50 2904565 



o «/ 



4515 8*** rem. ,0546597420 fine 3° 8 
50 2904515 



4465 9*»»rem, ,0549501935, fine 3^9' 
50 2904465 
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44 1 5 1 o** rem. ,055 2406400 fine 3^ i o 
J&c. &c. 

Again, as a fecond example, let it be require^ 
tQ find the fines of all the arches, to every mi- 
nute, between 59* 15^ and 60* oo^i thofe of the 
two extremes being firfl: found, by the preceding 

method. 
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afSmes, Tangmts, and Secants, zi 

pethod. Ip this cafe, the two extrcmeis^ .being 
,35946641 and ,86602540, their fum Wiirbci ^ 
1^72543, &c. a,nd their difference z: ,006 6 1 5^9 9^5 
whereof the former^ multiplied by ,0000060423 
(Jee^ the ride) gives ,00000007298, '^&c. oi- 
,0000000730, nearly, for the firift produft j[ which is 
exa£t enough for our purpofe); therefore the 2d pro* 
du(^, or ,0000000736 Xi 22, will be ,060001 6060 ; 
which, added to -^ of the difference, , gives 
,00014869473 from whence the opei^tioh will 
be as follows: ' 

,000 1 4I 8 6 9^p7 cxcefs ,9 5 94064 1 fine 5 9*^ 1 5^ 
,0000000730 I* prod. 0001486947 * 



86217 i^ rem. ,8595551047 fine ^9' \W, 



730 



1486217 



S5487 0^ rem. ,8597037264 fine 59^" 17^ 
736 1485487 



*4757 3* rem. ,8598522751 fine 59* 18' 
750 1484757 



84027 4*^ rem. ,8600007508 fine 59*" \^ 
730 1484027 



83297 5*^ rem. ,8601491535 fine 59* 20^ 
739. 1483297 



82567 6'^ rem* ,8602974832 fine 59*" 21' 

1482567 



&c. 



,8604457399 fine 59^22' 
&c. 



After the fame manner the fines of all the inter- 
mediate arches between any other two proposed 
ipxtremcs may be derived, even up to 90 degrees j 

C 3 but 
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*j2 CimJirttBi(mi>f ^^(MiyfSt. 

but thbfe of above 60** are bett round from tbofe 
below, as has been Ibewn elfewhfere. 
; The re^ns upon which the Iforegoing opera- 
tions are founded, depend upon, principles tao , 
foreign from the main defign of this treatife, to 
be explained here, (even would rOom pern^it) ; 
however, as to the corrcftncfs and utility of the 
method itfelfi I will venture to aiErni, that,' who- 
ever has the inclination, either to calculate new- 
tables, pr to examine thofe already extant, wiB 
not find one quarter of the trouble, this way, 'as 
be mavoidably inuft according to che conroDOB 
methods. 
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DEFINITIONS. 

- 

i> A Great^rcie of a fphcrc is a fcftion of Ac 

XJL fphcre by a plane paffiag rhro* the cerHscr. 

1. The axis of a great-circle is a right-line 
palling through the center, perpendicular to the 
phine of the atde: and the two poiflta, where the 
axis interfefts the (brface of the Iphcre, arc called 
the poles of .tihe circle. 

3. A ibherical angle is the inclination of two 
great-circles. 

4« A fpherical triangle is a part of the furfiice 
of the fphere indoded by the arches of three 
great-cirdcs ; w^ich arches are called the fides of 
the triangle. 

5. If thro* the poles 
A and F of two great- 
drcfcs DF and DA, 
ftanding at right-angles, 
two other great-circles 
ACE andFCB be con- 
ceived to jpafi, and there- 
^by form two Ipherical 
triangles ABC and PCE, 
the latter of the triangles 
fb formed is faid to be the coCDjpkmept of the 
(oroMi and vke Virjd* 
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Corollaries. 

I. It is manifeft (frmDef i J tharthe feaion 
of two great-circles (as it pafles through the center) 
will be a diameter of the fphcre ; and confequent- 
ly, that their peripheries will always interfeft each 
other in two points at the diftancc of a fcmi- 
circle, or 180 degrees. 

a. It alfo appears (from Def. 2.) that all g;rcat- 

circles, paffing through the pole of a given circle, 

cut that circle at right- angles 5 becaufe thcypafs 

' through, or coincide with the axis, which is per- 

' pendicular to it; 

> . • 

3. It follows more- 
over, that the peri- 
phery of a great-cir- 
cle is every where 90 
degrees diftant fronpi 
\ its polf ; and that th6 
meafure of a fpherical 
angle CAD* is an arch of* a great-circle inter- 
cepted by the two circles ACB, ADB forming that 
angle, and whofe pole is the angular point A. 
For let the diameter AB be the interfeftion of the 
great-circles ADB and ACB (fee CoroL i.) and let 
the plane, or great-circle, DEC be conceived per- 
pendicular to that dianneter, interfering the fur- 
face of the fphere in the arch CD j then it is ma- 
nifeft that ADziBDir9o% and ACizBCzigo*^ 
(Cprol I.} and that CD is tlie meafure of the 
angle DEC (or CAD) the inclination of the' two 
propofed circles. 

• Note, Although a fpherical angle is , properly ^ the inclinatm 
of two great' circles, jet it. is eomenonly expreffed hy the inclinu- 
iien rf their peripheries at the point where they interfe^ each 
uher. 

4* Hence 
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.. 4. Henee it is alio 
manifeft, tW the an- 
gles B and E, of the 
complenf)€ntal triangles 
'ABC and FCE^ are both 
mht angles; and that 
CE is the complement 
of AC,CF of BC, BD 
(or the angle F) of AB 
and EF of ED (or the angle h). 

Theorem I. 

*& Oft; right ' angled /phericd triangle it will ie, 
as radius is to the fine of the angle at the bqfe^ Jo is ' 
thefine of thehyptbenuje to the fine (f the ferpen^ 
Scular; and as radius to the co-fine of the angle 0t 
the hc^e^ fo is the tangent of the h^othenitfe to the 
tangent of the baft. 




Demonstratiok. 




Let ADL and AEL be two grcat-drclcs of the 
Aheie interfering each other in t]^ diameter AI9 

making 



I . 
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^5 ' ^htrical ^rig^n&mefry^ * 

making an angle DOE, mcafuted by tihc arch 
ED ; Ac plane DOE being fuppofed perpendicular 
to the diameter AL, at the center O. 

L^t AB be the bafe of the propofed triangle^. 
BC the perpendicular, AC die hypothentrfe, and 
BAC (or DAE=:DE=DOE) the ang^e at the 
bafe : moreover, let CG be the fine of the hypo- 
dienufe, AK its tangent, AI the tangent of die 
bafe, CH the fine of the perpencRcukr, ^nd EF 
the fine of the angle at the bale ; and iet I, K and 
G, H be joined. 

Becaufe CH is perpendicular to the plane of the 
bafe fir paper )^ it is evident, diat the plane GHC 
vtil be perpendicular <;o. the plane of nhe bafe> aad 
llkewife perpendicuUr to ihe diameter AL, becaiife 
OC, being me fine of AC| is^erpendicularto AL. 
<^or«0¥er, fiace both the pboesOIK and AIKare. 
perpendicular to the/ plane of the \A,k (tfr paper )^ 
their interfeftion IK will alfo be perpendicular to 
it, and confequently the angle AIK a right-angle. 
Therefore, fefc'mg the angles Ot*E, GHC and 
AIK are all right angles, and that the planes of 
the three triangles OFE, GHC and AIK are all 
perpendicular to the diameter AL, we fliall, byjl* 
tnilar trianglesy 

, JQE:EF::GC:CH? 
*'^''^i0E:0F::AK:AI } 

{Radius : fine of EOF {or KAC) : : fine 
of AC ^. fine of BG. 
Radius : co-fine of EOF {or BAC) : : 
tang. AC : tang. AB. ^ E. D. 

Corollary i. 

^ence it follows, that the fines of the angles 
of any oblique fpherical triangles ADC are to 
ooe anbdicr^ tiire^y» as itbe fmsi of the oppofitV 

. . For 
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For let BC be perpendicokr to Ap ; 
then 5 radius : fine A : : fine AC : fine BC7 , • 
fincei radius : fine D : : fine DC : fine BCr-'' ^^^ 
former part of the Phesrem -, we fliall have, fine A X 
fine AC (rrradittsKfbeBC) zrfineDxfineDC 
{by lo. 4.) and confequently fine A : fine D : : finie 
DC : fine AC j or fine A : fine DC : : fine D : fine 
AC. 

Corollary .2. 

it fettows, moreover, that, in right-angled 
^^lerical triai^les ABC, DBC, having one leg 
BC common, the tangents of the hypothenufes 
are fx) each odier, inverfely, as the co-fines of the 
adjacent angles, * 

For ( radius : co-fine ACB : : tan. AC : tan. BC 7 
iiace \ radius : 00 fine DCB : : tan. DC : tan. BC 5^ 
ly the laiUr fmrt nf the theorem ; we (hall {iy ar-^ 
guing as ^htm) have co^toe ACB ; co-fine DCB : : 
tang. DC : ta|ig. AC. 

» ■> 

TtfBORSM U. 

. tn any right^migied Jpherical trimgU (ABC) it 
iviU he, as radius is to • the co-fine i)f 0ie ieg, Jb u * 
the co-fine of the other leg to the confine of the by^ 
fothenufe. 

DlMOK- 
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DZMOKSTkATIOK. 

Let CEF bs the 

complemenuil - triangle 

E to ABC, according to 

what has been already 

C 1*^ A ipccified'i then it will be, 

fy Tbeor. i. Cafe i. 








Radius '.fineF: : fine CFrfine CEj thatis, 
Radius : co-fine BA : : co-fine CB : co-fine AC 
C/ee Cor. ^ p. 25.) ^.E. D.\ 

CoROtLARy, 

Hence, if two right- 
angled fpherical trian- 
gles ABC, CBD have 
^ the fame perpendicular 
« BC, the co-fuics of their 
hyporiienufes Will be to 

[, -.,... each othcrj direftty, as" 

the co-fines of their bafes. 

For r rad : co-fin.3C : : co-fij,. AB : co-fmeAC, 
fince I rad: co-fin. BC : : co-fin. DB : co-fuie DC, 

Ir ^'fi ^nT'^''^ ^"^ permutation, co-fine 
AB : co-fine DB : : co>.fine AC : co-fine DC. 

Thborim III. 
/« ««y right-angled ffberical triangk (ABC) it 
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Demon STRAT 16 N>| 

JLct CEF be as in the preceding propofition ; 
then, iy ^heor. i . Cafe i . it will be, radius : fine 
C ; : fine CF : fine EF $ that is, radius : (mc C t : 
co-fine BC .: co-rfine A* , ^ E. D. 



. V : *^ 



Corollary. 



Hence, in right-angled fpherical triangles ABC> * 
CjBOi having the fame perpendicular BC (fee 
the lafi figure)^^ the co-fines of the angles at the 
b^le will be to each other, diredllf, as the fines of 
the vertical angles : 

For r radius : fine BC A : : co-fine CB : co-fine A, 
fince X radius : fine BCD : : co-fine CB : cp-fine D> 
therefore, hy equality and permutation^ 

Co-fine A : co-fine D : : fine BCA : fine BCD« 

. Theorem IV. 

In any rightr angled Jpberical triangle (ABC) it will 
te, as radius is tp the fine of the haje^ Jo is the 
tangent of the angle at the Iqfe to the tangent 4f 
the perpendicular. 



For, fuppofing CEF 
as before. 

It will be, as radius : 
co-fine, of F : : tang. 
CF ; tang. FE (hy the 
Utttir part \of Theor. ^ i • ) 
that ,is> »i^ius : fine 
AB : : co-tang. , BC : 
co«>tang. A : : tang. A : 
VLng.\fiC (iy QfTcl. 5. 
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Hence ft follows, tkat, 
in Fight- angted ^htv\f:2i 
triangles ABC, DBC, 
having the famt per^ 
pendkular BC, the fines' 
of the bafes will be to 
eacK other, prvftfely, as the tangents of the ai^gks 
at the bales : 

For r radius : fine AB : : tang, A : tang. BCT 
fince I radius : fine DB : : tang. D : tang. BC y 
we fhall (hy reafoning as in Cor. i. ^beor. i.) hayc, 
Sine AB : fine DB : : tang. D : tang. A. 

THEOREM V. 

In any right-angled /pberical triangle it will ie, as 
radiui is to the QOr-fine of tbi bypothenufe^ Jo is the 
tangent of^ either angle to the co^tangent of the other 
angle. 

For (CEF heihg as in the lafi) it will be, as ra- 
dius : fine CE : : tang, C : tang. EF {fy ^eorem 
4.) that is, racUas : co-fiot AC ; : tang« C ; w^ 
tang. A. ^ E. D. -* 



Lemma. 

As the J%m (f the fines 0f JW Ufuqn^i artkei 
is to their difference^ Jo- is the tangent tf batf ti» 
Jim of tbofe arches to the Umgent ef . half tbdt 
difference : andy as the Jum of the cosines is ta tMt 
difference, fo is the co-tangent of half the Jum of Mr 
arches to the tangent of half the difftreme t^ tbit 
Jame arches. 

For,s 



< 



^ 
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For, let AB and. K 
AC be the two pro- ^ 
}i6(ed arches, and 
let BG and CH be 
their lines, and OG 
and OH thw con- 
fines : moreover, 
let the arch BC be 
ccjuaMy (ffivided in 
D, fo tiiat CD may- 
be bilf'thc dif. 
ferenee, and AD 

half rfie fufo, of AB and AC : let the n^dll OD 
and OC be drawn, and alfo the chord CB, meeting 
OE in.E and OA. (produced) in P ;w draw E& paiiai* 
lei to AO, meeting GH in S, and EF and OK'per- 
pendicular to AO, and let the latter meet EC (pro- 
duced) in I 'p laftly, draw QDK pcfpcndicular toOD, 
meeting OA,OC and Ql (produced)inC^LandK.^ 
Becaufe CD ziBD, it is^ manifcft that OD is not 
onfy perpendiciilar to the chord BC, but bifeAs it 
in E J whence, alfo, EF bifefts HG; and therefore 
CH+BG =aEF, and CH — BG = aCSi alfo 
OG + OH = 2OF, and OG — OH =r 2HF : 
but aEF (CH+BG) : aCS (CH— BG) : : EF : 
CS : : EP : EC {by 14. 4.) : : DQf the tangent of 
AD) : DL (the tangent ^f DC, hy\o. 4-) And 
2OF (OG+OH^ : aHF (OG-OH) : : EI,: EC 
: : DK (the co^ang. of AD) i DL (the tang. 
DC)- ^E.D. 

Theorem VL 

In any fpherical triaHgU ABC // will be^ ai the 

co-'tangmt ofbaifthcjum of the two Jides is to the 

. tangent of half their differ ence^fo is the co-tangent of 

bay" the bafi to the tangent of the diftance (DE) of the, 

perpendicular from the mdaU of the bafe. 

« Demok* 
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Since co-fine AC : 
co-fine BC : : co-fii*c 
AD : CO fine BD {by 
Cor. to Theor^2^) there- 
^j. fore, by compofition and 
diyifioa, co-fine AC + : 
co-fine BC ,: co- fine AC 
— co-fine BG : : co-fine AD + co-fine BD : cp-. 
fine AD — co-fine BD. But {ky the preceding 
lemma) confine AC -f- co-fine BC : co-fine. AC^ 

co-fine BC : : co.tang.:^^±l?: tangi^^^^^ 




2 a 

and co-fine AD + co-fine BD : co-fine AD 






con 



-fine BD : :,co>-tang,ofAE/'t^^+^^\ tai^g. 
DE f^^ ~^^\ whence, by equality, co-^tahg. 
AC-hBC, tang,^^~^^ : : co-tang.. AE : tang. 



DE. 



^i 



Corollary. 



'Since the laft proportion by permutation, be- 

AG+BC AT- 

- — : CO- tang. AE : : tang. 



comes co-tang. 



.: tang. DE, and it is proved, in ^. 13. 

that the tangents of any tw§;arclics are, inverfely, 
as their co-tangents ; it follows, therefore, that 
tang. AE : tang: ^^ "^^^ f: tang. ^C - BC 

: tang. DEi or, that tke takgenr of half the iafe, 
is to the tangent of half the fim^^^^o^^^ as the 

tangent of half the djfference'^of the^/tdesj to the 

tangent • 



spherical ^Trigonometry . 



ly 



taifgent rfihe diftam of the perpenditular from the 
middle of the baje^ 

Thborbm VIL 

In any Jpbericd triangle ABC, // will be^ as the 
co-'tangent of baif the fum of the angles at the bafe^ 
is to the tangent of half their differencey fo is the 
tangent qf half the vertical angle, to the tangent, of 
the angle which the perpendicular CD makes with the 
line CF bife^ing the vertical angle. (See the prcce'- 
ding figure.) 

Demohstjiatiok. 

It will be {by Corel, to Theor. 3.) co-fine A : co* 
fine B : : fine AC]D : fine BCD ; and therefore^ cq* 
fine A + CO- fine B : co-fine A —-co-fine B : : fine 
ACD-Hfine BCD : fine ACD~fine BCD. But 

,1. I. 7 N B+A B— A 
(by the lemma) co*tang« -— ^ — i tang. : — : : 



i 



co-fine A + co-fine B ; co-fine A — co-fine B : : 
inc ACD + fine BCD : fine ACD^finc BCD) 
tahg. ACF : tapg, DCF. ^ £. D. 
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3T:e fotution of the cafes of right-angled fphericdl 

triangles. 



a 



t*. .* m. 



Given 



> t & 



I* i 



The hyp. , 
AC arid one 
' angle A ' 



Sought 



Solution. 






fhe oppo- 

fite leg 

BG 



As radius : fine hyp. AC : : 
filve A : fine BC^ {by the for- 
mer pari of Theor. i.) 



The hyp. 

AC and one 

angl_e A^ 



The adjar 
cc fit leg 



J u ' ' H 



The hyp. ^ 
AC and one 
angle A 



The other 
angl6 C 



As radius : co-iiiie of A : : 
tang. Ac : tang. AB {by the 
latter ^art of Theor. l . ) 



The hyp. 
AC and one 

le? AB 



The other 
legBC 



As radius : co-fine of AC 
: : tang. A : co-tang, C [by 
Theor. 5.) . 

As co-firie AB : radius t : 
co-fine AC ; co-fine BC (by 
Theor* 2,) 



1 he hyp. 

AC and one 

leg ^B 



The oppo. 

fite angle 

C 



As fine AC : radius : : fint 
AB : fine C {by the former 
part of Theor. I.) 



The hyp. 

AC and one 

leg AB 



The adja* 

cent angle 

A 



As tang. AC : tadg. AB : 
radius : co-Cne A (b^ 
Theor, j.) ' 



One leg 
AB and the 

« 

adjacent 
antjle A 



1 he other 
legBC 



As radius : fine AB : : tan- 
gent A : tangent ^C (b) 
Theor. 4.) 



Cafir. 
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I 

« 



!.- 



t: 



to 



Gi 



iven 



Sought 



Solution. 



8 



Ona te^ 
A-B anJ the 

adjacent 



The oppo- 

lite angle 

C 



As radius : fine A : : co- 
fine o{ h^ : c6-fii\e of C (^y 



One leg 

AB and the 

adjacent 

an^lc A 



rhe hyp, iAs co-lih'fe oi A.; iiadms :: 
AC tang, AB : tang. AC {hy 
Theor. I.) 



10 



One leg 

BC and the 

oppofite 

angle A 



The other 
leg. AB 



-:? 



A^ tang. A ; tang. BC : : ra- 
dius : fine AB {by Theor. 4.) 



II 



One leg jThe adja- 
BC and the! cent angle 
Oppofite ' ^ 

ariijle A 



As co-fine BC : radius : ^ 
cd-fine ot A , : fine C (hy 
Theor. ^,) ' 



12 



One leg 

BO and the 

oppofite 

angle A 



■«<. 



The hyp. 
AC 



As fin. A : fin. BC : ': radius 
; fine AC {by Theor. i.) 






13 



Both legs 
AB and BC 



The hyp. 
AC 



As radius : co-fine AB : : 
co-fine BC : co-fine AC 
(by Theor. 2.) 



'4 



Both legs 
AB and BC 



An angle^ 
fuppofe A 



As fine AB ; radius : : tang. 
BC : tang. A (^^^ Theor. 4.) 



IS 



Both angles 
AandC 



A leg^ 

fuppofe 

AB 



As fin. A t CO iine-C : : ra- 
dius : co-fine AB {by Theor. 

3-) ' 



16 



Both angles 
AandC 



The hyp. 
AC 



As tang. A : co-tang. C •: : 
radius : co-fine AC (bv 
Thepr 5.) / ^ 



J^ote, The lofh, l ith, and izth cafti are ambiguous ; yi'vcV 
it cannot be deter mined 9 by the data, ^wheiher AB, C, and AQ 
be greater or Uft than 90 degrees each. 
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B D 




The foluthn of the cafes rf oUique fpberical iru 

ongleL 






Given 



Sought 



Solation. 



X 



Two fides AC, 
SC and an an 
gieA oppofite 
ope of them 



r 



T!)c angle B 
oppofite to 
the other 



As fine BC : fme A : : fine AC r 
fine B {hyCwr, i. toThcw, i.) Nale^ 
This cafe is ambiguous when BC is 
lefs than AC \ fince it cannot be 

{determined from the data whether 

JB be acute or obtufe. 



Two fides AC, 
BC and an an 
gle A oppofite 
to one of them 



The included 
angle ACB 



Upon AB produced (if need be) let 
fall the perpendicular CD j then {by 
Tbeor, 5.) rad. r co-fme AC : : 
tang. A : co-taog. ACD} but (^ 
Cor, a. to The^r. r.) as tang. BC i 
tang. AC : : co-ftne ACD ; co-fme 
BCD. Whence ACB zz ACD 4^ 
BCD is known. "" 



Two fides AC,| 
Be and an an 
gle oppofite to 
one of them 



The other 
fide AB 



Two fides AC, 
AB and the in* 
eluded angle A 



As rad. : co-fine A : : tang. AC : 
tang. AD (By Ibeor, 1.) and (Sy Cor. 
to Theor. a.) as co-fine AC ; co-fine 
BC : : co-fine AD : confine fib. 
Hote^ This and the laft cafe are 
(both ambiguous when the firft is fo. 



The other 
fide BC 



Two fides AC, 
AB and the in- 
cluded angle A 



As rad. : co-fin. A : : tang. AC J 
tang. AD {By Thcor, i.) whence BD 
is alfo known 5 then (Sy Corol. to 
Thtor, 2.) as CO fine AD : co-fine 
BD ! J co-fme AC : co fine BC. 



Either of the 

other angles, 

fupp()fe B 



As rad. : confine A : t tang. AC : 
tang. AD {by Thcor. ,.) whence BD 
isicnownj then (^y'.V. toTheor.A,) 
as fine HO i lioe AD : : tang. A ; 
tang, B. . 



h 



# 

I 



I 

I 
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Given 



Sought 



Solution. 



1 



Two angles A, 
ACB and the 
iide AC be- 

twixt them. 



The other 
angle B 



co-fine AC 



As rad. : co-fme AC : : tang-vA : 
co-tang. ACD [hy Tieor, 5.) whence 
BCD is alfo known j then {iy Cor, 
to Theor. 3.) as fine ACD : fine 

BCD : : co-fme A : co fine B; 

II ., - .-J — ^. 



Two angles A, 
ACB and the 
fide AC be- 
twiat them* 



Two angles A, 
B and a iide 
AC oppofite t( 
one of them* 



Either of the 
other fides, 
fuppofe 9C 



The fidc^C 

oppoftte the 

ether 



tang* A 



As rad. : co-fuie AC 
co-tang. ACD (hy Thtor, 5.) whence 
BCDis alfo known ; then as co*fiae 
of BCD: co-fine ACD : : tan. AC 
: tang. BC {iy Cor, 2. to Tbeor. x.) 



!■ ■ m I « ■ 



As fine \ : fine AC t : fine A : fine 
BC (iy Cor, 1. to Tbeor, 1.) 



The fide AB As rad. : co-fine A : : Utdj^, AC 



Two angles Aj.^ — — *^ ^. «-. * r . 

BandafideACbolwixt thom^tang. AD {fyTbfor. 1.) and as tan. 



oppofite to one 
of them. 



Two angles A, 
BandafideAC 
io|9ppofite td one 
of them* 



The other 
aii^lt ACB 



B : tang. A' : : fine AD : fine BD 
{hy Cor, to Tbeor, 4.) whence. AB is 
alfo known. 

As rad. : co-fine AC : : taog. A ; 
co-tang. ACD {by Tbeor, 5.) and as 
co-fine A s co-fine B : : nne ACD 
fine BCD {by Cor. <• Tbeor, 



whence ACB is alfo known. 

I *m I 



3} 



XI 



I All the three 
fides A?f AC 
andBC 

\ 



An angle, 
fiippofe A 



As tang. 



; taog. 



)AB ; tang 
AC— BC 



AC + 



BC 

■MUM 



«M 



■«***i*< 



t umg. D£> thf 



All the three 
angles A» B 
KOi ACB 



at 




A fide» fup- 
pofeAC 



diftance ef the perpendicular front 
the middle of the We {by Cor. /• 
tbeor, 6.) Whence AD is ku>wn)' 
then, as tang. AC : tang. AD 
rad. : co-fme A (bf Theor, i.) 

-^- - •—mumtmrn 

ABC-^ 



Asco^tan. 



ABC 



mm 

A 



mtk 



tang. ^£i t taog. oC Urn aogte 

included by tU pcrpeoificMUr «id« 
line bifeCMng tbe vettical aiilU: 
whence ACP is alio known } then 
{by Tbnr, 5.) tang. A x 
ACD : : rad. : confine AC. 




Mm, Io IcttMg fill your i^erpwdknUr.kt It itmjWH Stom *t«>4 
«t a liw* fide and oppofite to • n»«o «"pe. 
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3? , , The Nature and 

Of the nature and conJiruStion of Logarithms-'^ 
with tbeir application to the dqSirine ' of . 
triangles. 

AS the bufinefs of trigQUometry is wondep-. 
fully facilitated by the applicatipn of lo- 
garithms; which are a fee of artificial numbers, iQ 
proportioned among themfelves and adapted tD| 
the natural numbers 2, 3, 4, 5, &c. as to per-, 
form the fame things by addition and fubtracjlion,^ 
onlvy as thefe do by multiplication and^divifion : 
I ihall here, for the fake of the young beginner 
(for whom this Irrall traft is chiefly inrended) adc^ 
a few pages upon this lubj^6t. But, firfl: of ail, ic 
will be neceflary to prtmife fpmething, in general, • 
with regard to the indicts of a geometrical pro- 
greflion, whereof logarithms are a paiticular fpe-: 
cies. 

Let, therefore, 1, ^,>*, a}y a^, a\ a^^ d'y &cq. 
ht a geomcciical progreffion whofe firft term 15 
unity, anc^ common ratio any given quantity a. 
Then it is manifefty 

; . i-^ ^haty the fum of the indices of any two terms, 
of tbe.pXQgreJiQn is equal to^ the index of the ^rodutl 
if-tJMfe terms. • Thus 2 .H- 3 (5) is/iz the inde^^ 
of ^'X^', or a^; anu 3 + 4 (zzy) is 1:: the index; 
of a X a^y or a"^.* This is univeriaily demonftrated 
in p. 1 9, of my book of Algebra. ' 

5. That, the difference of the indices of any two 
terj- jj ^ r f fie- f rovrtiiJGn is equal to the index of the 
quotient of one of them divided hy the other. 'Thus 

5—^3 isrrthe index of i- or a". Which is only 

' ' a^ » 

tfie cojiverfe of the prececJing 'article, 

3, nat^ 



' -», 



• 
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3. Ti&^f, theproduSt of ''the index tf^ any term hy 
a given number (n) is equal to the index of the power' 
tsohofe exponent is the /aid number (n). Thus 2X3 
(6) is —the index ox a"- raifed to the 3d power. (or 
a^). This is proved in p. 35, and alfo follows from 
article u • * . ' 

4. That J the quotient of the index of any term of 
the progrejjton by a giv^n number (n) is equal to the 
index 'of th$ root of that term d^ned by the fame 
number (n). " Thus ^ (2) is — the index of {a^) 
the cube root of a^. Which is only the converfc' 

• of the laft article. 

Thefe are the properties of the indices of ^a gc;o- 
metrical progreflion ; which being univerfaOy true, 
let the connnnon ratio be now fuppofed indefinitely 
near to that of equality, or the excefs of a above 
unity, indefinitely little; fo that fome term, or 
other, of the progreflion i, «, n*, ^?', a^y a\ &c. 
may be equal to, or coincide with, each tcrnn.of 
the feries of natural numbers, 2, 3, 4, 5, 6, 7, 
&c. Then are the indices of thofe terms called lo^ 
-garithms of the numbers to which the terms them-* 
/elves are equal. Thus, if «"" zz a, and a!* zz 2% 
then will »^ and ti be logarithms of the numbers 
2 and 3 refpeftively. 

Hence it is evident , that what has been above /pe^ 
^ cifiedy in relation to the properties of the indices of 
powers^ is equally true in the logarithms $f numbers} 
fince logarithms are nothing more than the indices 
of fuch powers as agree in value with thofe num- 
bers. Thus, for inftance, if the logarithms of 2 
and J be denoted by m and »i that is, if <f^=:a* 
and a'^zz^y th?n will the logarithm of 6, (the 
pro4ud.9f.a and 3). be equal to m+,n (agreeablQ, 

to krridc i)i bccaufe 2X3 (6)=;<»"Xtf'=tf 

D 4 But 
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But we muft now obferve, that there are various 
forms or fpecies of logarithms ^ becaufe it is evi- 
dent that what has been hitherto faid, in refped; to 
the properties of indicesj hold$ equally true in re « 
Jation to any eqiumultiples^ or like parts, of them i 
which havejy manifefUy, the fame properties and 
proportions, with regard to each other, as the in- 
dices themfelves. But the mod limple kind of all, 
is Neiper% otherwife called the byp^boU^al. 

Tie hyper bcUcal logarithm of any number is the in^ 
deXi ef that term of the logarithmic frogreffion agree^ 
ing with the fropofid number ^ multiplied by the excefi 
0fthe common ratio above unity ^ 

Thus, if e be an indefinite ftnall quantity, the 
hyperbolic logarit hm of the natural number agrce-f 

ing with an y term i+^|* of the log arithmi c pro- 

greflion i, i+e^ i + ^|S i + e\\ i + tfj*, &c. 
y ill be expreffcd by fie. 

Pif^oposiTiON I. 

The hyperbolic logarithm (L) of a number being gi- 
ven, to find the number itjelf^ anfwering thereto. 



Let I +4" be that term of the logarithmic pro- 

greflion i, i+e|, i+^|:> 1+^, i + 4> &c, 
which is equal to the required number (N). Then, 

becaufe i + eY isj» univerfally, rt x + ne + n. 
^SZL. e'+n. l=i . 2=^ e' Sec. we (hall, alfo, 

2 2 2 

have I +ne + n.!LZl .(\+n. lUi . IIZ3l. c" 

' • ^ ? 3 

§pCr p N. But, becaufe n (from the nature of 

loigarithfri;^) is here fuppofed indefinitely great, it 

U <^vident, firft, that the numbers connected to it by 

thd f\gft — , may be rejected, as f^r as any affigned 

•ft V S ;' nymbcr 
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number of terms being indefinitely fmall in comi- 
parifon of «: it is alfo evident, that they may 
Oe rcjefted in all the reft of tfie terms of the 
ftries J bccaufe diefe terms (by reaibn of the in- 
definite fmallnefsi of $) bear no afiignable propor- 
tion to the preceding ones. Hence we have i + 

neA- 4- + -&c, =N: but ne. is 

''^^ 2 ^ 2.3^2.3.4 

(=L) the hyperbolic jfog^rlthm of i+^* (orj^) 
by what has been already fpccified : therefore i + 
, L* L' . L* ^ L' &c - N 
*" ^ 2 ^ «.3 ^ 2r3-4 2.3.4.5 

Pkop. II. 

fo determine the hyferholic logarithm (L) of 09^ pvm 

number (N). 

' It appears from the preceding Prop, that i+L 

4. — 4-—*- &c. is n N : therefore, if ;v 4- i b<j 
• 2 ^ 2.3 

L* YJ JJ 

put = N, we fhall have L + — 4-77 +777 

&c. =ici and confcqucntly, by reverting the fe- 

.. y X" X' PC^ X' X"" , 

ries, |. = ;c--.4-j-.-+- -^ &c 

OTHERWISEt 

Becayfe T+Tj" = N (by the definition of lo- 

I . 1 . ^^ 

garithnis) we ihall have i 4- <? = N"^ = I +*1 i 

by putting I 4-A^=^N, gnd ;?? = -. Therefore, 

ft 

_>fe.M_ ill W I W 

I -f- i?cf ^wig = I + mx + m. — - — . ^* + w. 



4* ^^^ Nature and 

, . , ^^ GCQ. we have e ~ mx .+ m. 

2 3 ,V '■ 
m — I ^ , m — i' ' nr-^T . , o t 
. -, A^ 4r ?«.• — ^rt-r- t . X &c. \yherc, »» 

being/cjefted in the t^&ghm — i, m — a, m — -3^ 
&c.' as indefinitely fmall in comparifon of i, 2, 3, 

&c. the equation will become e iz. mx — —4, 

— .^ — &c. whence — ( n ^<? 1= L) iz at -— ? 
3-4 ^ 

!L 4^ -^ 4. — &c. the very fame as be- 

fore, 

But this feries, tho' indeed the moft eafy and 
jjatural, is of little ufe in determining the loga^ 
rithms of large nupibers j fince^, in all fuch cafes^, 
\% diverges, inftead of converging. It will be 
proper^ therefore, to give, here, the invention of 
^thcr methods, which authors have had recourfe 
to, in order to pbtain a feries ,that will always; 
converge, • 

Firft, then, let the number whofe logarithna 

yau would fipd ^e denpted by :; ; where it 15 

manifeft (however great that number niay be) 
9; will be always lefs than unity : moreover, lei; 

I 4 tff (as before) be the term of the logarith- 
jnic pi-ogreffion agreeing with th e prop ofed 

number, or, which is the fame, let i -f- e" r: 
., — : the«j (by taking the root on both fides) we 



r— * 

fhall have I+^± z: \—x\ "^ "=:. \ — 4*" 

i—x^ 

(by 



; 



^sg^^i^^'^^s^^s^^m^^^^^i^^^mmmmmmmmmmmmim 



» 



i» — I 

: " < 



ConJiruBion of Logarithms: 43 

(by making tn rr — - )rr i — m>! + m, 

nj 

^* — f». — m. • — li — A?' &c. where m bdng re* 

jcfted in thefaftcrs m — 1, w — 2, &c. (as before) 
our equation will become i + f~/ — i»x— ^ 

— &c. whence x +—^4. — j > &c. 



=^ — r- :=:n0 :=: the hyperbolic logarithni of *V 

Which ferics, it is manifcft, will always converge^ 
let the value of be ever fo great; bccaufc;B 

will be always lefs than unity. ' 
>, But it is further obfervable that this leries hsd 

cxaftly the fqfme form (except in its figns) with 
that above for the logarithm of i + x; and that, 
if both of them be added together, the feries ^ tf+ 

r — ^ — — +-rr-&c. thcnce arifing, will be more 

fimplc than either of them ; fince ode half of the 
terms will be intirely dpftroyed thereby. There- 
fore, becaufe the fum pf the logarithms of any 
two numbers is equal Co the logarithm pf the pro- 
duft of thpie numbers, (Jee Artick i.) it is mani- 

feft that rn + -— + &c. will truly exprefii 

J 5 

' the logarithm of I— , pr iHl x i + ** . Whi<d» 

feries converges, ftill, fafter thari ^+.— -jj— Scgl 

? 3 uV 
not only becaufe .th^ §yen, po.wers are herc*der 
ftroyed, but becaufe x, m finding the logarithnt^ 
of apy given number (N ), will have a lefs value. 

; Bui 
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But now, to determine what this v^lue mufl: be, 

make LzLf iz N, and then x will be found = 



I — X 

! \ but if the quantity propofed be a fradion 

•p x Pi +-V 

f — 1, inftcad of a whole number, mal^e — zz -J_, 

and you will have x = ^ ^ : cither of which 
▼aluest fubftituted in the foregoing feries qjc + 
2£.+2f!!! &c. will give the hyperbolic logarithm 

C^the rcipcftive number. 

Example. Let it be p-opofcd to find the hyper- 
bolic logarithm of the number d. 

Here x being nlHizz f, and ^* = ^ » w ^^ 

&aU have 

• 

* (= t) = ,333333333 &c- 
«» (zzfx) = ,037037037 &c. 

*s <= ^^) =: ,004115226 &c. 

x'' (= >') = ,000457247 &c. 

ar' (= ^*7) = ,000050105 &c. 

x" (= t*') = ,000005645 &c. 

;c''(= i^')= ,000000647 &c. 

*'* (n t*'')= ,000000069 &c, 
&c. ^c. 

I 
WMch values being /cfpefthrely diviided by the 
jium^tfs, I, 3, 5» 7i 9. &c. and the feveral quo- 
titats'added together; (7« the general /eries) we 
fhdhave ,^4657^5 90 &c. vhofe double, being 
,•693147180 &c. ia^tbc hyperbdiical k^arithm <>f 
die number a. 



After 



•■* : 
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After the very fame manner the hyperbolic lo- 
garithm of any other number m^y be determined; 
but, as the feries converges, flower and flower, the 
higher we go, it is ufual, in coniputing of tables, 
to derive the logarithms wc would find, by help 
of others already known ; for which there are 
various: methods s but the following is the mofl: 
commodious and Ample, that has occurred to me^ 
efpecially, when a great d<;grcc of accuracy is re- 
quired. 

It is thus. Let a, b and c denote any three 
numbers in arithmetical progreflion, whofc com- 
mon difitrence is unity; then, a being =:^—i 
and ^ir^+i, we fliall have tf^iz^*— i, and con- 



lequently — =: 

ac ac 



Whence, by the nature 



of logarithms, we likfewifc have 2 log. ^ — log. 



n — log. c — log. 



M 



but the logarithm 



—I — = Ky win be H . 

2tfr+i I ^ 



of 2£i-£, by putting 
ac 

2i-4. ~ 4. ^&c. (by what has been already 
J 5 • 7 , 

fliewn) : which being denoted by S, we fliall 



{log. h zz \ log. ^z+ k log. c + IS. 1 
log. a'lz *i log. ^— log. c — S. > 
log. r = 2 log. ^— log. <i — S. J 



As an cjtample hereof^ let it be propoicd to find 
the hyperbolic logarithm of 3. 

Then, the hyperbolic logarithm of 2 being al- 
ready found -zi ,693147180 &c. that of 4, which 
\& the double thereof, will alfo be known. There- 

forci taking azz a, i =t 2* ^^^ ^^4i ^^ fi^^^Ht in 

this 
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this cafe, have ^ f — ^ — \ .= ^^ x^ zr ^r^ • 
Whence 

* (— iV) == ,05882^529 &c. 
*' ( = ^) = ,000203542 &c* 

*^ ( ~ •— - \ =: 5000006704 &c* i 

289/ 

&c. &c» . ^ i 



Thcrefore|S(^4-^+— &c.)=:>o5889i5i7&c.and 

3 5 

confcqucntly hyp. log. 3. ( <2i«£:^ Oy- ^^; , 4: 

2 • 

+jS)zz 1,098612288 &c. 

2. Lc^ the hyperbolic logarithm of 10 be re- 
qijired. % 

The logapthriis of 8 and 9 being given, from 
thofe of 2 and 3 (already found), a may, here, be 

n8, ^—9 and ^irioj and then x( \ being 

n 4-, we fliall have | S (^ +f^+ t &c) - 

161 3 5 

,006211180 &c. + ,000000079 &c. &Cf =: 
,006211259 &c. 

And therefore log. 10 (2 /ci^. 9 — /eg*. 8-^S) 
=: 2,302585092 &c. 

Hitherto we have had regard to logarithms 
of the hyperbolic kind : but thofe of any other 
kind may be derived from thefe, by, barely ^ multi- 
plying* by the proper mukiplicator, or modulus. • 

Thus, in the Brigean (or common) form, where 
an unit is affumed for the logarithm of 10, the 
logarithm of any number will be found, by mul- 

' tiplyipg 



♦ 
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tiplying the hyperbolic logarithm of the fame 
number by the fraftion ,4342^448 1 &c. which is 
the proper modulus of this form.- 

For, fince the logarithms of all forms prefervtf 
the fame proportion vvith:>nirpeft to each other, it 
will be, as 2,30^585092 &c. the hyperbolic log. 
of 10 (above foufld)>.is to (H) the JiyperboUc 
logarithm of any other number, fo is i, the 

common logarithm of 10, to( ^-— - j 

\'i>302585092&c./ 

H X, 4342.9448 J &c. the common logarithm of 

the fame nunriber* 

But (tp ayoSd a tedious. multipli<;ation, which 

will always .be ' i:eiquir^d ^ when a great degree oi 

accuracy is infifted on) tlie beft Y/ay to find the 

logarithms of this/prm'.is from the feries %x + 



0.x* 2X 



^ — &C. X ^,434.29448 1 &c. whichexprefles 

the common logarithm ofu- — r— (by what has been: 

* 1 — X 

already (hewn), land which, by making R zz 
,8685b8963 &c.;will ftand more commodioufly 

.1,. B ^ R^* R^' R^' ^J 

thus, KX + 4. 4- &C, 

3 5 7 

For an example Herecf^* let the common lo- 
.garithm of 7 be required: in which cafe 'the« lo- 
garithms of 8 and 9 being known, from th6fe of 2 
and 3), we fhall have log. 7 =: i log. 8 — ^ log, 9 

^S {iy the neor.), S being ~ Kx +M^i*^^ 

&<:. ( zr the common log of^) and * f r: ,'*Ll£i \ 

"" (>Z^ 64Hn.0j^ 

= : 'whence (jv* being rr- j we fhall layc 

127 ^ ^ 10129/ '^ 



4? The Natufe and 

R, (=»l^hJit) =,006839183 &c. 

R;^' ( £r ^.- \ ZZ ,000000424 &C. 

161^9/ 

R*^ (=:-T W >oboooooooo!2 &c. 

^ 161297 

Confcqucmly S (R;f + fr-+_irL &c.) = 

,006839424 &c* and 2' log. 8 — log. 9 — S =: 
,845098040 &c. := the common logarithm of 7 
required. But the fan[ic concluGon may be brought 
out by fewer terms of the fcries, if the loga- 
rithms of the three firft primes 2, 3 and 5 be fup- 
pofed known ; becaufe thofc of 48 and 50 (which 
are compofed of diem) will likcwife be knoRvn; 
from whence the logarithm of 7 (= f log. 49 =1 ^\ 

^i2Lill±Mi2±l)will come out =,84509804* ' 

-< 4 
&c. {as before) which value wIH be true to 1 1 
places of figures by taking the firft term of the 
fcries, only. • 

Again, let the common logarithm of the next 
prime number, which is ii> be required. Here 
a may be taken =;: 10, ^ ::= 11, and czt\^\ but, 
fewer terms of the feries will fuffice, if other 
three numbers, compofed of 1 1 and the inferior 
primes, be taken, whereof the common difference is 
an unit.' Thus, becaufe 98=12 x 7 x 7, 99— J X 
3XiiC9Xii)iand 100=2x2x5x5 (orioxio), 
let there be taken ^=98, ^=99, and czi lOO; and 
theiiyJby the firft term of the Icries only, the log. 
of 99 will be found true to 14 places j whence that 
of I i (log. 99~log. 9.) is alfo known. 

But 



1 
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But not\&khfl:andifig ^1 thefe arcificcs and com-r 
J)cndiurhs> a method (fimilar to that in page itf.) 
lor finding the logarithnns 6f large numbers, one 
from another, by addition and fubtraftiod, only^ 
Itill fcems wanting in the calculation of tables i I 
fliailj therefore, here fubjoin fuch a methckl, 

'• * . • 

i. Let A, B and C denote any three numbers in 
arithmetical progrcffion, not lefs than loooo each,* 

whereof the common difference is 100.: 

/ , - .... 

a. From twice the logarithm of B^ fubtraft the 
fum of the logarithms of A and* C, and let the 
remainder be rdivided by. I OQOO* 

*5. Multiply the quotient by 49,5, and to the 
pfroduft add -^-^ part of the differeacei of the 
logarithms of A- and B; th^n the funi iwill be; 
the exccfs of the logarithm of A -j- i above that 
t>f A. 

\. From this excefs let the quotient (found by 
Rule 2.) be continually fubtrafted^ that is, firft from 
the exc^efs itfelf, then from the remainder, then 
from the ne^t remainder, &c. &c. 

5, To. the logarithm of , A add the faid excels^ 
and to the fum add the firft of the remainders ; 
to the laft fum add the next remainder, &c. &c. 
then the feveral fiknsj thus arifing, will exhibit the 
logarithnis of A + i ^ A + 2i A H- 3, &c. refpec- 
tively. • . 

^ hus, let it be prop6fcd to find the logarithms 

,of all the whole numbers between 17900 and 

iSiooj thofe of the two extremes 17900 and 

1 8 100, and that of the mean ( 1 8000) being given* 

E' Then 



rp T&e Nature of Logaritbms. • 
Then the loga- f 5 l^''"g f 4,a5?853030 

•c' IhaU have ^ log. ^-Jog- A^-log. C ^ 

^ lOOQO 

,oooooppQJ34 (fee Rule a.) which . multiplied by 
49,5, ?nd the produa added to :l5ii=ll?ilA 

gives ,00002426x97 for the excels of the lo- 
garithm of A + I above that of A {ly Rule 3.) 
From whence the work, being continued according 
CO Rule 4 and <y will ftand as follows : 



,000024 



aS973 i^wnu 
13* 



26107 excefs. '4,25 
1 34 



25705 3* rem. 

. ^34 
;aj57, 4'" rem. 

»34 

25437 5'* rem. 
134 



25303 6"* rem. 

;34 

J 34 
25035 «*fem. 

24901 9'*rcm.^ 
134 



24^67 10** rem. 



2426107 excefs. 



287729707 log. 1 7901 



290155180 Ipg. 17^^02 
^425839 



292581019 log. 17903 
^2425705 



295Q06724 lo^. 17904 
297432295 log. 17905 



299857732 log. 17906 
24215303 



3Q228303S log. 17907. 

2425169^ 
304708*204 log. if got 

^4^5035 



307^33239 l«g^ 17909 
2424901 / 



309558i4g'Iog. i79x«. 



NoU^ 
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Noit^ The logarithms found according to this 
method, in numbers between loooo and 20000, are 
true to 8 or 9 places of figures: thofc of num- 
bers between 20000 and 50000 err only in the 9*^ 
Of 10'** place; and thofc of above 50000 are true 
to 10 places, at leaft. 

Having explained the manner of conftrufting a 
table of logarithms, and that by various methods, 
1 now come to ftiew the ufc of fuch a table in the 
bufinefs of trigonometry, ' 
• Firft, in the , right- 
angled ptene triangle 
ABC, let there be given 
the hypothenufe AC r: 
17 9 TO feet, and rlie an- 
gloAr:35^iio'; to find 
the perpendicular BC 
and the bafe AB. A B 

Here, becaufe radius .. rine35^ 20":: lygio'iBC 

(byTheor. 2.p. 6.) wehave EC — A^35°^Q^xi79iQ 

radius' ' 
therefore, becaufe the addition and ftibtraftion of 
logarithms anfwers to the multiplication and di^ 
vifion of the natural numbers (fee p^ 38, 30 ) we ' 

have log.BCzzlog./mss'' 20' + log. 179/0 — 
log. radtus. . \ 

But, by the tables of artificial,' or Iqgarithmic 
fines ♦, the log. fine of 35- 20^' will appear to be 
9,762 1775 -J to which add 4,2530956, the log. 
of 17910, and from the fum (14,015273 1) take 19, 
the jog, of radius, and there rcfults 4,01 r 2711 
= the log. of BC J which, in the tables, anfwers 
to 10358, the length of BC required. 

* Ji tahU of artificial Jims is nothing more than a tahU of the 
hgaritbms of the numbers expr^ng the natural finis, to thg radius 
»©ooooooooof ^hoft logarithm is 10. 

^> Again, 



•^ 
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" • • ' 'ji'' 

Again, for AB, it will be, as radius : fine of C 

^(54^ 40O • * AC (17910) : AB (^ Theorem 2.) 

Whence, by adding thr logarithms of ^the fecond 

and third terms together and fubtrafting that of 

the firft (as above),, we have AB 11: 146 1 1. Sec 

the operation. 

Log, radius - — - 10, 



Log. fine C (54** 40^) 9,91 1 5844 
Log. AC (17910) r - 432530956 

Log. AB ;= 14611 - 4,1646809 

Moreover, in the ob- 
lique plane triangle ABC, 
let there be given AB =: 
75, AC zz 60, and the in- 
cluded angle A == 48*"; 
to find the other two an- 
S gles. Then {by "Theorem 
5*) it will be, ' 

As AB + AC (135) its log: 2,1303338 

is to AB — AC (15) 
fo is T. £±-? (66') 




■!■■ M 



its log. 1,1760913 

10,3514160 






■rfpl 



11,5275082 



to the T. 



C-B 



!r; 14* 00^ 



9^3971744 



Which 14^ added to 66% the half ibm of the 
^ngle^ C and B, gives the greater C zz 8o' j and 
fubtrafted therefrom, leaves the letter B = 52*. 

4 \ Laftly, 
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.' Laftly, in the right- J3. 

angled fph^rical triangle 
ABC, let there be given 
the hypothenufe AC zz ^ 
60**, and the angle A zz 
23° 29^ J to find the bafc 
and perpendicular. Then 
{by Theor. i.^. 25.) the operation will be as follows: 

Log, radius ----- , - * - 10, 







Log, fine A (23** 29O - • - - 9,6004090 
Log. fine AC (60"*) - - - ^ - 9>9^753o6 

> • 

Log. fine BC r: 20' 1 1^ 9?S J79396 

Alfo, log. radius - - -»• — • - lo. 

Log. Co-f. A (23** 29'') 9,9624527 

Log. t. AC*(6o') - 10,2385606 

^ Log, T. AB =: 57" 49^ - - - 10,(^010133 

Having exhibited the manner pf refolving all 
the common cafes pf plane and fpherical triangles, 
both by logarithms and othcrwifc; I fhall here 
fubjoin a few propofitions for the folution of the 
more difiicult cafes which fometimes occurs when, 
inftead of the fides and angles themielves, their 
fums, or differences, &c. are given. 

Proposition I. 

*!the Jine^ co-fitie^ or verfed fine of an arch being 
giveiiy to find the fine and co-fine^ Qc. of half that 
arch. 

E 3 From 
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Properties of 




From the two ex- 
tremes of the diameter 
AB, let the chords AE 
and BE be drawn, and 
let the radius CQ^bifeft 
F A AE, perpcndicukrly, .in 
p (Vid. I. 3.); then 
■will AD be the fine, and 'CD the co-fine, of the . 
angle ACD, or f ACE. 

Bpt 4AD* = AE* (hy Cor. i. to 6. a.) =r AB. x 
AF (by Cor. to 19. 4.) z: 2ACx AF ; whence AD* 
= f AC X AF : alio 4CD^ = BE* = AB x BF = 
aAC X BFs whence CD*'^ |AC x BF. From 
whicb.it appear Si that 4he fquare of the fine of half 
any archy or angky is equal to a reEtan^e. under half 
the radius and the verjed fine of the whole \ and that 
the fquare of its confine is- equal to a relljemgle. under 
half, the radius and the verjed ftrie of thejupplement 
of the whole arch, or angle^ "^ 

Prop, II. 

^be fines and co-fines of two arches being given^ to 
find the fines y and the co-fines ^ of the Jum and differ^ , 
ence of theje arches. 

Let AC and CD 
(rrBC) be the two 
proppfed arches ; 
let CF and OF be 
the fine and co- 
fine of the greate^ 
AF pn~nr^n- AC, -and let »^D 

thofe of the leffer CD (or BG) : moreover, let D& 
anjj OG be the fine and co-fine of the furn AD ; 
and BE and OE, thofe of the difference AB. Draw . 
mn parallel to Cf, meeting AO in »j alfo draw mv 




«wxQC=:0«»xCK, 
Dvx OC=:D«»xOF. 
0»xOC=;Oj»xOF. 
wt;xOC=D/wxCF. 
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a 

and BH parallel to AO, meeting GD in « and H : 
dien it is plain, bccaufe Da» =.B»»; that D-d is = 
H-p, jind aw 3= »G = E« } and that the trianglcr 
OCF, Omn and mHv art fimilar j whence we have 
the following proportions, 

rOG-.Ow.iCF'.w*-] „ 
l0C:0F::D/w:Di'r S 
1 OC:OF::O«i:0»fJ= 
tOC:CF::D/»:wt; J ^ 

Now, by adding the twc fi rft of thefe equationg 
together, we have w» + Dv x OC (DG x OC) = 
Ow X CF + Dot X OF} whence DG is known. 
Moreo ver, by tak ing the latter from the former, 
we get mn — D v x OC (BE x OC) = Ow x CF — 
Dw X OF; whence BE is known. 

In like manner, by addin g the dii rd and fourth 
equations together, we have 0»H-»»t? x OC (OEx, 
OC) = Ow X OF + Dw X CF} and, by fubtraft - 
in* the latter from the former, we have On—mv x 
OC (OG X OC) tzOw X OF -tDw X CF} whence 
OE and OG afc alfo known. ^. E.I. 

Coholj-aryL 

Hence, if the fines of two arches be denoted 
by S and ij their co-fincs by C and o and radius 
byR; then will 

the fine of their fum z=^^ — 5~"^ * 

S^ — jC 
the fine of their difiercncc =: — ^ — ^» 

. ^Q SJ 

the co-fine of their fum =: — - — , 
tlfie co-fine of dicir difference z:^ ^ "*" "^ • 



/ 



R 
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CoKOt' 



5^ 



Pr^rties of 



Corollary IL 

« 

4 

Hence, the fine of the double of either arch 

(when they are equal) will be iz t:, — , and its c6- 

R 

Q* §t 

fine r: ,. : whence it appears, that the/me of 

the double of any arch, is equal to twice the reSf angle 
of the fine and co-fine of the fingle arch, divided by 
radius \ and that its co-fine is equal to the^difference 
of the Jquares of the fine and co-fine of the fingle 
arch, afb, divided by radius. 



Corollary IIL 

Moreover, b ccaufe Dfflx CF~OC x nm) (|0C 

xEG-jOCxOE— OG) ;andQfflx OF:3 0C;< 

On (f OC X lOn ~ f OC x pE + OG), it follows, 
that the reSangle of the fines of any two arches 
(AC, CD (BC) isequal to a reSiangle under half the 
radius, and the difference of the co -fines , of the Jum 
and difference of thofe arches \ and that the reEf angle 
of their confines is equal to a reSangle under half tj:>e 
radius, and: the Jum of the co-fines, of the Jutn and. 
difference of the fame arches^ 



Prop. III. 

^he tangents of two arches being given, to find 
the tangents of the Jum, and difference, of tboje, 
arches. 



* 

4 



Let 
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' Sines t ^angenisy &c^ 

Let AN. and ^-^E 

AM be the two 
arches, and AB^ 
a^d AC their N 
tangents s alfo F 
kt NE be the 
tangent of their 
fum, in the firft 
cafe, and the 
tangent of their difFerence, in the fecond^ apd 
let CF, perpendicular to the radius DN, be 
drawn : then, becaufe of the equiangular triangles 
!BAD and BFC, we Ihall have 
^ JBDxCFnDAxBC?, - , ^ 
{bD X BF - BA X BC Jv ^4. J. 
Take each of the laft equal quantities from BH*, 
and there will ^-emam BD' ' BDxBF(BDxDF) 
=:BD* — BA X BC:nowBnxDF(BD*~ BA 
X BC) : BD x CF (DA x BC) : : DF : CF : : DN 
(DA) : NE : : DA* : l A x NE ; whence,- alter- 
nately, BD — BA X BC : DA* (: ; DAxBC 2 DA 
X NE) : : BC". NE, But the firft term, of this 
proportion, becau'e BD*~DA* + BA*, will alfo 
be expreffed by U A* + B A* — B A x BC, or by 

PA* ± B A* -^ BA X AB + AC'; or, laftly, by, 

DA*+BA X AC : therefore, the three firft terms 
of the proportion being known, th^ fourth NE will 
Jikewife be known. ^ E. L 

COROLLARy. 

Hence, if radius be fuppofed unity, and the 
tangents of two arches be denoted by T and /, ic 
follows, that the tangent of their fum will be =: 
T + / 
I-/T 



- , and the' tangent of their difference 



i + fT' 



But, 



5^ Properties 9f 

But, it will be proper to take notice here (once 

for all) that, if in thefe, or any other theorems, 

the tangent, fecant, co-fine, co-tangtot, &c. oif 

an arch greater than 90 degrees be concerned f 

then, inftead thereof, the tangent, /ecant, co-fine, 

&c, of ai) arch, as much Jbelow 90 degrees, is to 

betaken, with a negative fign j according to the. 

obfervation in page 5, 

Thus, for inflrance^ let 

BA be an arch greater 

than 90% and let the 

tangent of the futn of 

AB and AC be required; 

* ^ ; ^ fuppofing T to reprefent 

the tangent of AD (the fupplement of AB) and t 

the tangent of AC : then, by writing -r T- inftead 

of T, in the firft of the foregoing theorems, wci 

— T 4- / — T+/^ 

Ihallhavc tang, of BC zz — = — i — => 

^ i_/x— T 14./T 

T f 

and therefore tang. DC (—tang. BC) iz Ia 

* I+/T 

which is the very theorem demonftrated in the ad 

cafe. * . 



Prop. IV. 







J 



jis the fum of the^ tangents of any two angles - 
BAG, BAD, is to their difference; Jo'' is the fine of { 

the fum of thoje angles^ to the fine of their dif- 
ference. ^ - 



lAt 
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SifieSf Tangents, &c. 

LetBC andBD 
be the two pro- 
pofed tangents, .to 
the radius AB j 
take ' Bd = 'BD, 
join AJp and draw 
DE^ and dF per- 

fendicular to AC. -, 

t is manifcft, be- C ^ B 

caufe BJ = BD, 

^that Ad = AD, and JAB z= DAB, and, confe- 
quendy, that CAd is the difFerence of the two 
angles BAG and BAD. 

Now, by reafon of the fimilar triangles CDE" 
and CdF, it will be, CD (CB+BD) : Cd (CB— 
BD) : : DE : i/F J but DE and dF are fines of 
DAE and dAF to the equal radii AD and Ad r 
wbfnCe the truth of the profqfition is manifefi. 

t 

Corollary. 

Hence it alfo appears, that the bafe (CD)' of a 
. plane triangle, is to (Ci/) the difFerence of .its two 
?egm^nt3 (made by letting fall, a perpendicular), 
as^ the fine of the angle (CAD) at die vertex, 
to the fine of the difference of the angles at the' 
bafe. 

Prop. V. 

In any 'plane Jr tangle ABC, // will he^ as the Jum 
cf the two fides plus the hafe^ is to the fum of the 
two fides minus the bafe, fo is the co-tanmtt of half 
either angle at the bafe, to 4he tanght of half the 
other angle at the bafe. 



In 



6o 



/ 



- ABC\ 



Properties of . 

In AC produced, take 
CD z: BC, and let BD be 
drawn : thgi \by Tbeor.^. 
p. 8.) it wijl be, AD + 
AB : AD— AB : : tang. 
-ABD + D /i8o° — A 

= go"" — I A) : tang. 
ABD— D / ABD ~CBD 

2 ' \ 2 . 

, that is, AC + BC + AB : AC + BC 




AB ; : co-tang. fA : tang, |ABC» ^. £. D* 



Prop. VL 

/;; a^ plane triangle ABC, // will bey as the hdfo 
plus the difference of the two fides ^ is to the hafe , 
minus the fame difference^ Jo is the tangent of half 
the greater angle at the hafe^ to the tangent of half 
the leffer. 

In :the lefler fide CA, 
produced, take CD zr 
CB, fo that AD niay be 
the difference of the two 
'fides; and let BD be 
drawn : then it is mani* 
feft that the angle CBD 
will be equal to D : but 
(hy Tbeor. 5. p. 8.) AB + AD : AB — AD : : 

D + DBA _ CAB ,, V . r,„„.n^ 

tangent = , (h 9- ^') • tangent 

D— DBA _ CBD — DBA _ CBA g, r- t. 

2 2 2 ; 




P RO P, 



Piafie ^riangks. 
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Prop. VIL 

' As the haje of any plane triangle ABC, is to the 
jum of the two fides y Jo h the. fine of half the ver- 
tical angky to, .the co-fi.ne of bdf the difference of the 
angles at the haJe. 

Ip AC, produced, 
t^ke CD z: CB ; join 
B, ,D, and draw CE 
pacalld to AB, and CF 
perpendicular to BD. 

Since CD z= CB, . 
therefore is , the . angle ... 
D n DBCY^y 12. I.) and,'*cbnfequeritlyi half 

the vertical angle ACB =^_i (by 9. i.) 

Moreover, feeing DCB 1* ~ the; fiim of the 
angles A and GBA, at the bafe {by 9. i.) it is 
evident that BGF (or DNCF) is equal to half that 
fum; and,, therefore, as ECE is the excefs of the 
greater ABC zz BCE (by 7. i.) above the half 
fum (BCF), it muft, manifeftly, . be equal to 
half the difference of tbe fame angles A and 
CBA. 

But iby Theor. 3.) AB : AD (,AC4f' BC) : : fine 
D (iACB) : fine ABD = fine CED (^j Cor-u to 
7. lO = fine FEC zr co-fine ECF. ^., E\ D. 



Prop. VII. ' 

j^s the bafe of any f lane triangle ABC, is to the 
difference of the , two fides ^ Jo is the co-fine of half 
the vertical angle, to the fine of half the difference^ 
of the angles at the bafe. 

In 



6t 



Properties of 




In the greater fide CA 
let there be taken CD rz 
CB, and let BD be dra^wn^ 
and like wife, CE, per- 
pendicular to BD. It is 
B manifeft, becaufe <^D r: 
CB, that CDB and CBD 
are equal to one another, and that each of them is 
alio equal to half the fum of the angles CBA and A 
at the bafe (ly Cor. 2. to 10. i.) j therefore ABD,' 
being the cxcefs of the greater^ CBA above the half 
fum, mdl confequently be equal to half the dif. 
ference of the fame angles. 

But (by Theor. 3.) AB : AD (AG— BC) : : fine 
D (co-finc DCE, pr, fC) : line ABD. ^ E. D. 

Prof, IX. 

> 

yfs the difference of the two fides AC, BC, ^ tf 
flane trian^e^ is te the difference of- fJbe fegments of 
the bafe AQ^ BQ^(/nade by letting fall u perpendi-^ 
cular from the vertex.) yftr is the fine of half the ver* 
fical angle, to the co-ftne of half the difference of 
the angles at the bafe. 

Eor, AC— BC : AQ3- 
BCL: : AB : AC + BC 
{by 9. a. and 10..4.) : : fine ' 

ACB ^ B — A 

: co-fine .^ 

(by Prop. T.) ^E.D. 
Prop. X. 

Js thejumtftbi two fides of a plane triangle, is 
to the difference. of the/epnent of the hafe (fee the 
preceding figure), fo is the co-fine of half the vertical 
angle, to the fine of half the difference of the angles 
at the haft. 
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For, AC+BC : AQj-BCt.: : AB : AC — BC 

ACB 
(ly 9. 1. and 10. 4.) : : co-fine of : fine 6f 



B — A 



(hy Prof. 8.) ^ E. D,' 



Prop. XI. 

\ _ 

As the tangent of the vertical angle C of aflan^ 
tPtangle ABC, is to radius ^ fo is half the baje AB to 
a fourth proportionals and as half the bajk is to the 
ixcefs of the perpendicular above the f aid fourth^. 
. proportional^ fo is the fine of the vertical angle, to the 
€0'Jine of the difference of the angles at the bafe* 

Let ABCD be a circle 
dcfcribed about the tri- 
angle, and from O, the 
center thereofi let OB and 
OC be drawn; moreover, 
draw iCD parallel to BA, 
xneedng the periphery in 
D, and EOF, perpendicular 
to AB, meeting DC in £• 
Then it is evident, diat EF will be equal to the 
perpendicular height of the triangle, EOB equal 
to the vertical angle ACB, and FOC (= DAC) 
equal to the difference of the angles (ABC and 
BAC) at the bafe. \ ^ ' 

But (by Theor. o,.) as tang/ EOB. (ACB) : ra- 
dius : : EB (f AB) : EO ; moreover, as EB : OF 
(EF — EO) : : fine EOB (ACB) : fine OCF, or 




Profp 
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pROFi rXIL . 



,/ 




jis the iangetiL of the vertual angle, of d piarii 
triangle ABC, is ir) radimy/o is the hafe AB to a 
fourih-froportional j dnd, as the fatd fourth propor- 
iional^ is to the fiim (f the Jemi-bafe and the line CD 
iije^ing the bafe^ fo is the difference of thefe two, to 
the perpendictilar height ^f the triangle. 
« ' ■ ■• •• • ■ . • • ■ •* »- 

Let a circle be defcribed 
about the triangle, and frohi/ 
, O5 the cehtci- thereof, let 
. Da, OC and OD- be drawn ^^ 
alfo lef CF, parallel' to AB^ 
/j^ be drawn, meeting DO, pro- 
duced (if need be) in'F; "It' 
is evident that DF will be 
perpendiculaf to AB, ahd equal to- thfc height of 
the triangle. But DC^ = CJC + OD' 4- 2OD x 
OF (^y n. a.) nOA'+OD'+aODxDF— OD 
=: 6 A* — OD* + 2OD x DF = AD* + 2OD 
xDF^^'7.3.)j whence, by taking away AD* fronnl 
the firft and laft of thefe equjtl quantiti es , we havg 
DC*— AD' = aODxDFi orDC+ADxDC— Ad 
t=:20DxDF {by 7. 2.) and therefore 2 OD : DC 
+ AD : : DC — AD : DFj but {hy rheor'. %.') 
as the tan^. AODzr ACB {iy 10. 3.) : to radius (: : 
AEI : Ob) : ; A^: 2OD. ^. £. U.^ 

Prop; Xni;' 

As twice the re £1 angle \under the hife andpjerfen-^ 
dicular of a plarie triangle ABC, is to the rectangle 
under the f urn, and differ ence, of the bafe and Jum of 
the two fides -, Jo is radius, to the co- tangent of half 
ihe vertical angle ^ 

.^ Let, 



r 



■ 
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Xfit HG, perpendicular 
' to AB, be the diameter 
"of a circle dc'fcritied about 
the triangle j and let HD 
Sand ¥id Be perpendicular 
to the two fides of the 
triangle; alfo let CF be A 
parallel to AB, and let 
HA, riB arid HC be 
drawn. 

Since the diameter HG is perpendicular to ABi 
therefore is AE r: BE (^ a. 3.) AH = BH, and 
the angle ACH IT BCH {by 12. 3.); whence, alfo, 
CDzzCiaf, and HD=:H^ (^15- lO Therefore^ 
the right-angled triangle^ HAD and HB^/, having 
AHrzHB and HDczH//, have, likcwifc, AD 
rzB^ (^ 15. I.) Fronn whencfe it is manifeft, that 
CD will be equal to half the fum, and AD equal 
to half the difference, of the two fides of the rri- 
*angle. Moreover, becaufe of the fimilar' triangles 
AEJH and HCD/ it will be, AE* : CD* : : HA* 
=HEx HG {by Cor. to 19.4.) : HC* (HFxHG) 
: : HE": HF {by 7. 4.) Whence, by divifien^ &c;. 
Ae* : CD*— AE* : : HE : EF : : HEx AE : EF 
XAEj thfcrefore, by tnverfion and alt&nationi EF 

^X AE : CD* — AE* (Cp+AExCD— AE) : 2 
HEX AE ; AE*, HE : AE : : radius : co«tang. 
EAH'(ACH, by Tbeor. 2.)- whence the truth of 
ibe.propofitien is manifejt. 

Vkov. kiv. 

jfr tivkt ihic reli angle of the iafe and ferpendi^ 
xular of « ftaue triangle ABC, is to the reSangle 
under the Jkm^ and difference ^ cf the hqfe and the 
difference of the two fides ; fo is radius, to the tan^ 
gent tfi>dfthe vertical angle. 

F Let 
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Let the |Jtcceding figure and conftruftbn be re* 
taine^, and let AG and CG be drawn. The tri- 
angles AHD and OHC (being right-angled at D 
andC) and having HAD r: HGC (^ ii. 3.) 
arc equiangular j ahd fo AD : GC : : AH : HG : : 
AE : KG. {by 19. 40"s whence, alternately, AD : 
Afi ; :GC : AG, and ADV: AE^< : GO (GFx 
HG) : AG^- (GfixHG) : : GF rGEj therefore, 
hy divifion, &c. AE*— AD* : AE' : : EF : GE : t 
EFXAE : GExAE; whence, agai n, by aUern a- 

fioH, &c. EF X AE : AE* ~ AD* (AE+ AD X 

AE— AD) : : GE X AE : AE* : : GE : AE : : ra. 
dius : tang. AGE (^ ftheor. 2.) •, from which tbi 
trufh o/tbe prppq/iii$n is manifsft. 

Prop. XV. 

If the rdadm tf three right 4in€s a, b and x, be 

fuchy that ax— x*z:b*; then it will be^ ^j: f a : b 

\ : radius to the fine of an angles and^ as radius y 

to the tangent (or to^angent) ff hdf tins angle, Jo 

is b ; x» 

Make AB eqtial to a, 
upon which let a femi- 
circle ADB be defcribedi 
B alfo let CD, equal to k^ 
be perpendicular to AB, 
and meet the periphery 
in D (for it cannot exceed 
the radius of the circle 
when the propofition is poffible) : moreover, let 
AD, BD, and the radius OD, be drawn. ^Bec^ufc 
ACxCB ~CD*r:^ * {by Cor. to 19.4 .) it Is plaift_ 

that AC X a— A C, or BCx^g>-BC is alfor:**-; 

and, therefore, xXa--x being =:^% it ismanifeft 
that X maybe equal, cither, to AC, or to BQ. No# 




\ 
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i^y "thior: t;) OD Ud) : CD {h) :-. radius : fihe : 
DOC; wht)fe^ halt is equal to A, oflr BDC 
(iy 10. 3.) But, as Radius : tan^. BDC : : DC 
{i) : BG; or, as radiu^ • co-tang. BDC (tang. 
CDA) : i DC (^) : AC; ^ E.D. 

, Prop. XVL 

^ . Jftbs relation of three lines'^ a, b and Xy^ie fucb, 
'ibat X* jf ax r: b* ; then ^U will bey as \ a\h\x 
'raiius4o the tangent of an anj^le; and as radius is 
io the tangenty or co-tangent, of half this angle (ac^ 
cording as tbefign of^ns. isfojitive or negative) : : b : x. 

Make AB=^, and AC, 
perpendicular to AB, equal 
to a i al?out the latter of 
which^ as a diameter^ J<tt a 
circle, be . dcfcribcdf anc^^l 
thro* O, the center thereof 
Jet BD be dl-aWn, meetiug 
the periphery in E ^nd D; ^ 
alfo let A, E and C^ JE be. 
joiae4 and drawBF parallel to IkC^ mefetiQg ^£"1^ 
produced, in F. Tfa en^ fiiicf {by 22.-3.) BE5<BD 

(=BE X BE+tf =: BD xBEr=^) ±:AB* {b') 
and5v><^±«~^V by fupp6fiuo n> ft is mani^ft, 
that B£ wiH bie r:^, when xX:c +/zr:i*; and 
BDrrr, when ArXAf^^rri'-. 

Furthermore, becaufe die angle F tr OAE {fy 

. 7. I.) =OEA <3y la- I.) - BEF {by 2^ i.) it is 

evident that BF = BE {by 18. i.) and that the 

angles BAF and C (being the complements of the 

equal angles 'F and -OAE) arc likewife equal. ' 

Np5F {jbyfheor. 2.) AO (i^)*: AB (^ : : radius : 
tang; AQBj whbfc half is equal to C,-or BAF 
(ijy 14. 3.) But, as radius : tang; -BAF : : AB(*) 

F 2 : BF 




/ 
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: BF (BE), the value of;^ in the firfl: cafe, wliefe 
jc' + ax :=2 lf\ Again, radius t co-tang. BAF* 
(tang. F) : : BF (BE) : AB (iy Tbeor. 2.); aad BE 
: AB :': AB : BD (^ Cor. to 22. 3, and 10. 4.); 
whence, by equality, radius : co-tang. BAP ::' AB 
(Jb) : BD ; which is the vajue of x in the fecond 
cafe 5 where x"^ ^ax = b\ ^ E. D. 

Prop. XVII. 

In any plane triangle A,BC^ it will he^ as the line 
CE hifeSling the vertical angle y is to the haje AB, Jo 
is the Jecant of half the vertical angle AC'S, Jo the 
tangent of an angle \ andy as the tangent of half thU 
angle is to radius, fo is the fine of half the vertical 
anglcy to the fine (f either angle, which] the hifeSting 
line makes with the bafe. . ' 

Let ACBD be a drcle de- 
fcribed about the triangle, 
and let CE be produced to 
meet the periphery thereof 
in D ; moreover, let AD 
^B and BD be drawn, arid like- 
wife DF, perpendicular to 
the bafe AB i which will^ 
alfo, bifeft it, becaufe (BCD 
being =: ACD) the fubtcnfes BD and AD are equal 
{iy lo. 3.) Moreover, fince the angle DBE = 
ACD (by la. 3) = DCB, the triangles DEB 
and DBC (having D common) arc equiangular, and 
therefore DE X DC zz DB^l^ 24. 3.) or, which is 
the fame, DE* + DE x CE :r DBS Therefore {by 
Prop. 16.) \CE : DB : : radius : tangent of an 
angle (which we will call Q); and, as radius : 
tang. fOL: : DB : DE. 

But DB : BF (fAB) : : fecant FBD (BCj£) : 
radius % therefore, by comppundifig this, with the 

. ^ • firft 




y 
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.firft proportion, we have, fCExDB : lABxDB 
: : radiu!> X fecant BCE': radius x tang. QJJy i^* 
4,) and confequently CE : AB : : fccant BCE ; 
tang. QJJ^y 7. 4,) Again, DE : DB : : fine DBE 
(BCE) : fine of DEB (brof CEB)j whcoce^by 
equality, \, tang. | Q^i-i-adiusj ; : fine BCE : fine 
C£B« ;: ^ E* D, . . .* .* ^ . 

Prop. XVIII. 

Jit any plane triangle ABCj 7/ wiU be^ as the per -^ 
fendicular is to tbejum of the POki' fides ^ Jb is- thf 
tangent of ha^ the angle at the vertex^ to the tan-- 
gent of an angles ^tndy as radius is t$ the tangent of 
half this angle J fo is tbrjum if the two^ fides ^ to the 
ia/e tf the triangle. 

Let DP, perpendicular 
to AB, be the diaxneter 
of a circle defcribed about 
the triangle 1 let CF be 
perpendicular to DP, and 
DQ to AC, and let DA, 
DC and DB be drawn, and { 
alfo FI, parallel to BD, ^_^ 

meeting BA, produced, V 

in I, 

It is manifcft, from Prop. 13. that CG is equal 
to half the fum of the fides AC and BC : it alfo 
appears, (from 7.1. and Cor. to 1 2- 3.) that the tri- 
angles DCG, ADE> BDE, and IFE, are all equi- 
angular, therefore it will be, GO* : BE : : DC* 
(DFxDP):Bb^(DE xDP)::D F (DE+EF) : 

DE : : BE + EI :EB :j^E+EIxBE:EB*iand, 

confequently, CG* (=BE + EI xBE) =:BE* + 
El X BE. But, by Prop. 16. it will be, lEI 2 CG 
: : radius : tangent of an, angle (which we will 
frail Q)s and as radius : tang, IQ^: : CG : BE 

F 3 (- 
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(: : 2CG, or AC + BC.ta AB)- But {by thor. -2.) 
. EF : EI : : tang, h (AGD^ : radius; therefore; by 

compounding- this proportion with the hSi but one, 
, wc fliaJt have, f EI x EF : EI xGG : : tang. ACD 

X radius : ts^g* Q^>4 radius (*j? i i» 4O and confer 
.quently EF : 2CG (AC,+ BC) *- * tang, ACD : 

tang. Q^ Whence tb^ truth of'Jhepfy^oJitim is 

manifeft.- 

Prop... XIX. 

, . ^ -.• . . ■ « ^ 

^ J>« apy, fia^e trkmgk ABG, /> w5 ^tf, as tbiper^ 
pndicular . /> t9 the d^ermie of the tw^ fidis ijo u 
theca^t^mgent ^ ka^ th^ writ ad an^ey to the mih 
genf of a^ (Hi^ jl anj^ ai radita is to thg cd^tiangmt 
of half this angle y Jo is the dij^er/sn^e.of tkefidei to 
tb^ bafe of the triangle. .t . ; 

tct DP. DG; CF> &e, 

be as in the prcctding pror 
pofitioni alfq kt^PA and- 
PC be drawni and Fl, pa* 
rallesl ta PAj^ mec;ting « AB 
\x\ I. 

The right- angltd tri- 
angles ADQ an4 DBC^^ 
having DAG z^ DPC (i^ 
Car. to I a. 3.) are fimilar i ' 
PC* : 2 AD- : DP* : 2 AE* \ 
1 1 . 4.) ; vrhence, alteraateiy. 




and therefore, AG* 
AP* (Jry Cor. to 

AG* i AE* : : PC* (PP x PD) ; AP* (PE 
X PD) :: PF:PEj: AI: AE: :AI x AE: A^^ 
(by 7. 4,) J ani^ confequently, AG* = AI x AE=r 
AE^—EI X AE, Thercfore.^P«^,i6,fEI ;Aa 
: : radius s tangent of an angle ( Q' ) > and as ror 
dius : co-tang{ | Qj : AG : AE. But (by Tbeer. %.), 
EF : EI :.: co-tang. EFI (ACD) : radius a 
V?|iich proportiqn being coRipoiu^d?4 W^ the l*ft 
3 ' t>W 



N 
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but one, &c. wc IhalHiavc, ER: 2 AG (AC — BC, 
fee Prop. 13.) : : co-;ang. EFI 1 tang. Qj and as 
radius : co tang- f Q^:: AG : AE ; : 2AG (AC — 
BC) : 2AE (AB). ^ £ -D- 

'- ' " * . ' * '• 

Prop. XX* 

The bypothenufe AC, and tbefum, or differme, of 
1^ bgs ABxZBC^, fif a rigH-.angkd J^it4 tri- 
0ifgfe: A^Qx hiitg ^tft ^ 4^ermM the trianiif. . 

•^ Let AE be the 
ftittj, and AF . the 
<lifference of the 
two legs. Becaufr, 
radius": co-f, AB 
t^<:o-f. BC : cqX 
AC (^ Tbecfr. 2.) 
tfterefore, co-f; AB x ct^-f. BG = pad. x coC 
AC > but the fornier of thefe is = i rad. x 
<^TM+bo^{. AF (^iy Corel 3. to Prop. 2.) j 
therefore a x co-f. AC = co-L AE + co-C AF. 
Whence it appears, //»^*/, if from tww the ^o-fint 
€f th hypotbenujsy tbi eo^^fim of tbe gittm Jkmi 
or (t^erenccy of tbe kgs, be Jnitraiiedy the te^ 
makder mil h the eojftm of an archy which adde^ 
tfi fhefmdjum^ or difference^ gives tbe double of tbi 
greater kg re^nired^ 

Qp|lQLX.ARy« 

Hence, if the two legs be fuppofed -equal to 
«teh Otjier (or the^iv«i dififefencc rs o),then vyill 
^ CO liJae of the double of each, be equal to twice 
the Qp^iie of iii« hypothcnufe mmus the. fadius, 

\ F 4 P^<>^* 
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Prop. 3CXI. 



0»^ &^ BC" <w/// /i&^ /um^ or difference, of the, 
bypothenufe and th^ other leg Afi being given^ to. 
determine the byfotbenufe (Jee the laft figure.) 

Since rad. : co^neBC : : co-fine AB: co-fine AC 

(4k Theor. 2*), it will be {by eom$. and div.) radius^ 

+ co-fine BC : rad:— co-f. BC : : co-f. AB + c^-f* 

AC : co-f. AB — co-H AC, But the radius naajj: 

be confidercd as the fine of an arch of 90% or the 

co-fine of o : and, therefore, fincc {by the lemm^ 

ijup. 30.) co-fine o + co-fine BC : co-f* o—- co-H 

iin ^ BG + o BC— o •,' ! 

iJC : : co-tang, • — : tang. — -r — ^>~ano,co-» 

2 -a 

fine AB + co-f. AC : co-C AB — co^f. AC : ; co^ 

AC+AB AC— AB . ^,, 
tang. — -— : tang, t-t— j k follows, ^y. 

,: ^ BC BC 

f quality, thatco-tangf : tang, •—• : .: co-tang. 

AC + AB AC— AB - . . V ^ 
.*r- — vtang. — -T- { that is^^ Js the co^ 

tang, of half the given legj is to its tangent i fo is 
the eo-tang. of half the futri of the hypothenu/e and 
the other leg^ to the tangent of ba^ their di£erenee. 



Prof. XXII. 

The angle at the hafe and the fum$ ^ differ enee^ 
^ the hyfothenufe and hafe^ of a rigb^angkd fphew 
peal triangle bfing given, to detmme tke triangle, 

Firft, 
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Firft, it will t>p, rad. : 
co-f. A::T- AC:T.AB 
(^ ^eoTi I.) and therefore 
rad.- 4- co-<". A : t-ad. — - 
co-f, A : : T. AC + T. 
AB : T. AG ~ T. AB : 
whence, by arguing^ as in the laft Prop* it will ap- 
pcan. th^ii ,co-tang. \h : tang. J A . ; : rad, + 
fcp-h A : n^. ^ cor j: A (: : T. A C 4: T.;AB ; T, 
AC -r-, T. AB) : : S. AC + AB : S. AC — A^{iy 
J^fif^4.X, 4 HcQcc It {y)pears^ that, As the coAcm-- 
gent of half the given angle^ is to its tangenf, JaJ4 
fbefme of the Jum of the hypotbenu/e ani adjacent 
k&^-^tif tb^Jkeof tb^r Sfference. 



« 



/^ 



Prop. XXIII. 



. ^e bypiotbenuje K(l and the Jumj or difference^ of 
fke tW ^aJj^c'ent. angles hemg given, to find the 
les, ' ' ' ' ^ ^ 



' Let EC ^fac perpendicular 
touRCi and* then it will be, 
Tad.:cb-f. AC : : T. A : 
T. ACE (^fy Tkeor. 5.) 
Froni wiience, by rcafoning 
as. - ^bove; :wc fhall alfo 
have co-tang,\ fAC : tang. 




iAC s : S, A + AGE J S, A— ACE j whereof the 
two laft tcrmsi by fubftitutii^ 90' — ACB for 

ACE, will b ecome S. 90"+ At? ACB (co-f. ACB 
—A) and S- A+ACB-^90^ refpeftively. WJience 
kappearsi that, Mtbe co-tangent of half the by^ 
fothenufei is to its tmgenti Jo, is the co^Jine eftbedif-^ 
ference if the angles at the bypotbentj/e, to the fine of 
fh ^^^S^ ^ their Jm abov^ a rigbtrmgle. 

COROL* 
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j H^n^Cjjfthe angles be fuppofed equal, then it 
^\\\ he, as'l^ gitOBr ; tang. |AC r: tang, fAC » 



(.. 



Vkovi. .XXIV, 



' In two tilhuwikd^h'er^^^^ 
hating cue angte Acom^H^ &/ there te \^j^ 
two perpendieulars /BCy DE an J tkejum, or dif^ 
ference, of the ^hjfotbm^e^ AC, ; AE:^ to Mehnine 

thi trtumgles.- -' • - j ' 



\ <■ 



J«\i 



- M 



.\ X 




PE + BC 



R is evi(fen«-^ (fifm 
"Theor. i.) that S. DE:S. 
BC ; : S. AE. S: ACj 
therefore, S. DE + SvBC 
;S,DE— S,BC:;S.AB 
'+ S. AC:S; AE— 'S; 
AC : whence {iy ibt 

DE -"jgC 

7—--^ : •; tarig. 



« ■ 

: that is* As the tau^ 



Hty^ tang. ' ^ .^^^ — ■ ? tang 

Afe + AG ^^ AE.^ AC ' 
-^ — rt^ng, . ^ ,. . 

gent of half the-ffim cf the iSM perpm^adarst is 49 
the tangent of ha^ their differ ette. i fo istbe tavgait 
of ha^ the Ji^. of (be two i^the/u^i, to the taifr-. 
g^t tjf helf th^^.Jiffa^efm^ . * . 

FVop. XXV. 

Infwo:i^huan^edJfheKicMtriangiis^A^ ADE,^ 

having tbeJmeoHgk A fH ti^ h^e^ let there be gi'uep,, 

the Pwo perpendkukts BC, DE and the Jm i^ df^ 

ference of fh^iafe^ AB, AD,, ffi d^ermife ^he ba/^ 

(fe^^ tb^ preceding figure.) 

SincQ 



spherical .Triangks. Y5 

Since T. DE : T- BC : : S. AP : Sj AB (h 
Hlbeor. 4. and equality) ; therefore is T. DE + T. 
BC : T. DE— t. BC : : S. AD + S. AB j S.^AD 
— S. ;AB; .whence, (h PrOD. 4. and the lem ma «t 
f. 30.) it will be, S. DE + BC : S. DE— fifC : : T. 

.AP±M,T. Ae=^ , te w ■ ■ 

As tht'fine ofthefum of the twa ftrpendicularSih 
to the fine' of their difference y Jo is the> tangent (f 
hdfthe fum of the PwohafeSy totbe tangent ofbjjif' 
their differences 

Prop. Xl^yl, 

^he protful^ of ihejquare of radiffs and't^e eei-fim 

ff the bafe of any fpherical- triangle ABQj^ is equal t^ 

the prodn^ of the fines of tht two fides and the co-fine 

^f the vertiealr angle^ together with the prodUSf (f 

fadius and the co-fines ^ the fame fides . 

For let AP be perpendi- y[C 

cular to BC ij then, fince co-H 

' jS.CWrS.CD-f corf.CB kco4,QU 

fad, 

(^y Cor, I. tp Prof. 2,) it h 
evident, that co-f, BD ; co-f> 
^D : : ' k 

S.CB X S.Cp+co-f.CB x?o.f.CP ^ 

rad, > 

> 

> ^„ S. CB X S. CD . , ^. 
- ; co-C CD 5 : ^q,(^qq + co-f. CB : rad. (iy 

, . , ' , rad. \ _ ;S.CD T.CD 

ml*- mb t^^b ,-^^ . But ^-3:jcD = "7^ 

,1, f ' •., I- S. CB xT-C D 
{hereforc our proportipfl wll} Ij^ . ^^ 

CO f. 
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co-f. 6b : rad. (: : co-C BD : co-f- CD) : : co-f 
AB : co^f. AC {by CoroL to Theor. 2.) whence, by 
multiplytng means and extremes, we have co-f. 



AB. X radius =: 



S. CB X co-f. AC xT. CD 

rad. 



co-f, AC X co-f. BC, But {by Tbeor. i.) radius ; 

^ ^ r« - ^ ^ ^^ co-f. C X T. AC 

co.f. C : : T. AC : T, CD zz 



co-f. C X S. AC 



rad. 



{by CoroL i. Prop, j.) which laft 



co-f. AC 
being fubftituted for its equal, we Jhall have,* 

r Ai> J S, CAxS. Ca X co-f. C 
co-1. AB X rad. z: ^ 3 4^ 

co-f. AC X co-f. BC; from whence, if each term 
be mulripUcd by radius, the truth of the prppofi- 
tion will appear manifcft. 

There is another way of demonftrating this 
propofitiony from the orthographic projedion of 
the fphere; but that is a fubjef^ which neither 
rooni^ nor ipclinationj| will permit mc to treat of 



Prop. XXVII. 

' I/AE h tbeJufH^^ and AF the differencey of tbc 
iwofJes of a fpherual triangle ABC, and V be put 
to denote the verfed fine of the vertical an gle, and R . 

_ R* X (o-J. AF—co-f. AB 



the radius i then will 



S. AC X S. BC 



2R X (0-/. A^— CO-/. AB j 
— CO-/. A^ — (o-f. AS. 



— ftR X S. f AB 4- lAF X S, jAB tt- t^F, 

- ■ S. AQ X S, BC 



l« 



r <. 



Spherical Triangles. 

'It appears from the lal^ 
^rOp. that co-f. AB x , R is 
= co-f. AC X co-f. BC -h 
S. AC X S. BC X co-f. C 

7~T — R ~ 

in which, for co-f, C let 
its equal R — V be fub- 
ftituted, and then we fliall 
have co-fine AB x R =^ p 
co-fine AC x co-fine BC 
-f (ihe AC X fine BC — A 

S.ACxS. BCxV ^ ^ 

"o • :~:butthc • 

fum of the two former of the three laft terms is 
±: co-f. AF X R (^7 Cor. r. to Prop. a.)> there- 
fore it will be cot AB x R :=: co-f. AF x R — * 
S. AC X S. BC x V 




R 



*, and confcqucntly V =r 



R* X co-f. AF — co-n AB 



Which is the firjt 



S. AC X S. BC 
cafe. Again, becaufe S . AC x S. BC is r: f R x 
cp-f. AF — co-.f A\L{by Corol. 3. to Prop. 2.) wc 

fhall, alfo, have V = ^eo^AF-^^AE 
fP^hicb is ike Jecond cafe. Moreover, fince f R x . 

co-f. AF — co-i: AB is = S. ^^^--^^x S. 

2. . . *- 

AB AF 

- — :: — ' (^ the fame) it follows that V is likewifc 

aR X S.~Tab"+~|AF X S. fAB—tAF. 



*ii ii ■■ 



% £. P. 



S. AC X S. BC 



Co&di' 



7^ 



Properties of 



CoRO 



LLARr i; 



Hence, becaufe f R x V is =r the fqu^re of thii 
lirtc of f C {jby Prop, i. ) it f ollows that fq. S, fC= 

R^ X S. ^AB + f AF X S> t AB— jAF 

S. AC X Si BCT ~^ 

Froai whence We have the following theorem,* 
for folving the 1 1 th cafe of oblique triariglesi 
whcte the three fides are given, to find an ai^le. . 

As the reSiangk of the fines of the two fidesy in^ 
eluding the ftopojed angle ^ is to the nS angle undet" 
the fines of half the^ baje plus half the difference 
{fthifidesy 4nd half the bafe minus half the difference 
of the fides 'j fo is the fquar<e of radius y to the f quart 
tif the fine of half the required angle. 



CoKaiiARi^ a; 

X* ^ u .e^^ R;xco-f:AF— do-f.AB 
Moreover,becaufevV is=:--^c— jt?- — o r^r^ ; 

o, AUxoi i>L 
we (hall have R* : S. AC x S. BC : : V : co-f. AF 
— Co> f. AB i which gives the following theorem^ 
for finding a fide, when the oppofue angle, and 
the other two fides, are given^ 

' As thefqiiare of radius ^ is to the re£iangk of the. 
fines' of the two fides including the given angle, Jo is 
the ^erfid fine of that angle, to the difference of the 
co-fines (or verfed fines) sf the difference (f thofi 
fides ^ and the fide required. 



COR.0I.« 



